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MPF - A GENERALIZED PROGRAM FOR SOLVING NONLINEAR 

TWO-POINT BOUNDARY VALUE PROBLEMS 

BY 
J. M .  Lewallenl 
S. D. Williams2 

SUMMARY 

This report documents a numerical perturbation 
method that has had impressive success in solving the 
nonlinear two-point boundary value problem. 

Many practical engineering problems are reduced 
mathematically to the nonlinear two-point boundary value 
problem. These problems arise quite naturally in areas 
of vibration, heat transfer, wave propagation, fluid 
mechanics, trajectory analysis and optimization theory. 
The method developed here requires the problem to be 
presented in terms of first-order, ordinary, differential 
equations with an adequate number of specified boundary 
conditions. The terminal conditions may be general 
functions of the problem variables. Several different 
convergence procedures are available for the user. With 
proper application, the chances are excellent that con- 
vergence may be achieved with only one computer run. If 
convergence has not been achieved, the information for 
a restart is provided automatically. 

This routine is made available by the Theory and 
Analysis Office of the Computation and Analysis Division. 
The routine is generated in an effort to provide MSC 

engineers and contractor personnel with a proven method 

- 
Manned Spacecraft Center, Houston, Texas 
Lockheed Electronics Company, Houston, Texas 2 
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for solving a popular class of mathematical problems. 
The purpose of this program is to reduce both the 
programming and computer time for the user, while main- 
taining the convenience of a general program. Office 
personnel will be available for consultation involving 
implementation of this program to the-users problem. 
The authors would appreciate comments and suggestions 
that would improve the program. 

INTRODUCTION 

In analyzing scientific and engineering systems, it 
is often necessary to solve a nonlinear two-point 
boundary value problem. These problems arise naturally 
in the areas of vibration, heat transfer, wave propa- 
gation, ,fluid mechanics, trajectory analysis, and 
optimization theory. The equations that describe these 
dynamic systems are a set of first-order, nonlinear, 
ordinary differential equations (or may be put into this 
form). If n differential equations are involved, 
n + 2 boundary conditions must be specified. Assume 
that n initial values of the n dependent variables, 
the initial time, and the terminal time are given. In 
this case, straight forward numerical integration methods 
will yield a solution. If p (p < n) initial dependent 
variables are specified at the initial time and 
q ( p + q =  n) terminal dependent variables are specified 
at the terminal time, there is not a simple approach 
to the solution. Recourse is usually made to iterative 
methods a 

I’ 

Attempts to solve this split end-condition problem 
have 5een made for years, b u t  until the advent of the 
high-speed digital computer most methods were considered 
impractical. In recent years, several efficient methods 
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have been implemented successfully. In 1 9 6 3 ,  

Breakwell, Speyer and Bryson proposed a method which 
considers trajectories perturbed from some reference 
path. These perturbed trajectories are generated when 
certain initial conditions are varied. After assuming 
the unknown initial conditions, each iteration produces 
corrections for the unknown initial conditions such 
that the terminal constraint error is reduced. Similar 
methods, considered here as perturbation methods, have 

In 1 9 6 4 ,  McGill and Kenneth ( 4 )  proposed the generalized 
Newton-Raphson method. Although this method has some 
distinct advantages over the perturbation methods, a 
detailed consideration of the method will not be made 
here. 
Sylvester and Meyer ( 6 )  and Roberts and Shi~man'~). 
extensive comparison of some of the perturbation and 
quasilinearization methods has been made by Tapley and 
Lewallen ( 8 )  and several innovations to accelerate 
convergence rates have been proposed by Lewallen, Tapley 

been proposed by Jurovics and McIntyre ( 2 )  and Jazwinski. (3 1 

Similar methods have been proposed by Merriam ( 5 )  , 
An 

and Williams ( 9 )  . 

THEORETICAL DEVELOPMENT 

The problem is formulated in terms of a nonlinear, 
ordinary, first-order vector differential equation 

. 
z = F(z,t) (1) 

where z is an n-vector and t is the independent 
variable time. If the initial time is specified, n + 1 
boundary conditions are required for solution. 
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Suppose t h a t  p (p < n) of t h e  i n i t i a l  dependent v a r i a b l e s  
a r e  s p e c i f i e d  a t  t h e  known i n i t i a l  time and t h a t  q + 1 
(p + q = n) r e l a t i o n s  

a r e  s p e c i f i e d  a t  t h e  unknown t e rmina l  t ime.  S ince  p o f  
t h e  i n i t i a l  v a r i a b l e s  a r e  s p e c i f i e d ,  i t  becomes conven- 
i e n t  t o  a r range  and p a r t i t i o n  t h e  n - v e c t o r  of i n i t i a l  
cond i t ions  a s  

where t h e  v e c t o r  x ( t o )  i s  composed of t h e  p known 
i n i t i a l  cond i t ions  and t h e  v e c t o r  Alto)  i s  composed of 
t h e  q unknown i n i t i a l  cond i t ions .  

I f  Equation (1) i s  expanded i n  a T a y l o r ' s  s e r i e s  
about some r e f e r e n c e  t r a j e c t o r y ,  say  t h e  i th approx- 
imat ion t o  t h e  c o r r e c t  s o l u t i o n ,  then 

Z i+l = i + [Eli [zi+l - Zi]+ ... ( 4 )  

- z i s  used,  and only i+l i I f  t h e  n o t a t i o n  6z = z 
l i n e a r  terms i n  t h e  express ion  a r e  r e t a i n e d ,  t h e  l i n e a r  
p e r t u r b a t i o n  equat ion  i s  seen  t o  be 

sH = [E] 6 z  = A 6 z  ( 5 )  

t h  where t h e  ma t r ix  A = [ a F / a z ]  i s  eva lua ted  on t h e  i 
t r a j e c t o r y  . 
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In a similar manner, Equation (2) may be expanded about 
the terminal constraints associated with the i 
trajectory. If terms higher than the first in dzf 
and dtf are neglected, the result may be expressed as 

th 

dh- = [%If dzf + [E] dtf 
f 

Considering the effect of a variation in the terminal 
time leads to 

. 
dzf = 6zf + zfdtf ( 7 )  

If this condition is substituted into Equation ( 6 ) ,  the 
result becomes 

where 
point for the ith approximation. I f  the terminal state 
variations can be expressed in terms of the initial state 
variations (i.e., 6 z f  = il 6zo), Equation (8) becomes 

[ah/az] and h are evaluated at the terminal 

r 1  

dh = [E] II 6z0 + h dtf 
f 

(9)  

where il is an n x n matrix to be developed. 
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The method of perturbation functions (MPF) uses the 
perturbation equation, Equation ( S ) ,  to generate a 
matrix of perturbation solutions. This is accomplished 
by integrating Equation ( 5 )  forward n times with the 
starting conditions 

N 

@(to,to) = [6Zl(t0), ....., 6zn(to)] = I (10) - 
where I is the n x n unity matrix. The solution may 
be represented by 

h, 

where it is easily seen that II = @ and that Equation 
(9) becomes 

dh = [E] - @(tf,to) 6 z o  + k dtf 
f 

The problem may be simplified and the computational 
efficiency increased by partitioning the vector 
as shown in Equation (3). This requires partitioning the 
matrix @ such that 

6 z o  

N 

where Y is an n x p matrix and Q, is an n x q 
matrix. Since the p initial values of xo are specified, 
6xo = 0, then Equation (13) reduces to 

dh = [E] @(tf,to) 6 h o  + k dtf 
f 
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where 

The linear algebraic equation, Equation (14), represents 
q + 1 scalar equations in the q + 1 unknowns & A o  
and dtf ; i.e., 

where yT = [6AT dtf] and C = @ e The 
0 1  

computational efficiency is increaied because the 
@(tf,to) matrix requires only q vectors t o  be inte- 
grated rather than the n vectors required to generate 
(P(tf,to) . The correction equation, Equation (16), 
requires the specification of a desired change in 
terminal error, dh . The philosophy associated with 
this correction is described in detail in Reference 9 
and will be discussed briefly here. 

The two major assumptions that have been made in 
this development are the linearization of both the differ- 
ential equations and the terminal constraints. This 
linearization will not present severe limitations if 
successive trajectory iterations are near one another; 
i.e., the linearization assumptions are not stretched 
beyond the limits of validity. Hence, the Normal 
Correction Procedure of requesting that the change in 
terminal error, dh, for the next iteration equal the 
negative of the error, -h, on the last iteration may 
be too severe. In this case, divergence cou ld  occur. 
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To avoid this possibility, a Fractional Correction 
Procedure may be employed such that 

where 0 < c 5 1.0 . 'Reference 9 also discusses the 
Minimum Norm Correction Procedure which allows each 
element of the h vector to have a different weight. 
Briefly, this procedure uses corrections obtained from 
either 

or 

depending on which procedure is to be used. The B 
and a are parameters which describe the relation 
between gradient dominated corrections and Newton- 
Raphson dominated corrections. The Stepped-@ and 
- a  procedures use Equation (18) or (19) until the 
terminal norm is less than some prespecified value, y . 
When this occurs, the Normal Correction Procedure is used 
to achieve convergence. When the Variable - B and 
- a procedures are being used, the parameters 
B and a are redefined on each iteration by 

B = Bo 
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and 

where Bo, a. and p are chosen by the user. 

The computation procedure for MPF is as follows: 

(1) Arrange the n differential equations, 
Equation (l), such that the p equations 
having the specified initial conditions 
occur first. 

( 2 )  Integrate Equation (1) forward with the 
p known initial conditions and q 
assumed initial conditions. A terminal 
time, tf , must be assumed to terminate 
the integration. 

(3) Simultaneously with ( 2 )  above, Equation 
( 5 )  must be integrated q times with the 
initial conditions shown in Equation (15). 
This results in the matrix 
The matrix [aF/az]  is formed from the 
trajectory generated in ( 2 ) .  

@(tf,to). 

(4) When the terminal time is reached, 
and $ must be evaluated, and dh must be 
selected. 

(5) The q + 1 algebraic equations, Equation 
(14), are solved for the q + 1 corrections 
bXo and dtf . One of the correction 
procedures must be chosen at this time. 
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These corrections are applied to the assumed 
values of X o  and tf and the iterative 
procedure is repeated. 

Iterations are continued until either the 
corrections become sufficiently small or 
the terminal constraints are adequately 
satisfied. 

DESCRIPTION OF THE PROGRAM 

section, reference is made frequently to the 
variables introduced in the theoretical development 
section. To avoid ambiguity, program variables will be 
capitalized as will be subroutine names. For further 
clarity, parenthesis will be used to distinguish the 
program variable associated with the variable introduced 
in the theory. 

MAIN 

MAIN is the main program. It initializes data storage, 
and acts as a driver for various subprograms. 

The program first transfers control to the subroutine 
( F 5 )  that reads in the plotting labels. 

The next step is to initialize the clock routine 
(RESET). The program then transfers control to the 
general input routine ( F 6 )  which reads all the information 
necessary to run a case. The initial data are saved to 
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restart from the same trial point with a different 
correction, if necessary (see CONVRG). 

The card punch routine (CRDPCH) is called and the 
initial conditions of the n dependent variables, 
the beginning time, the final time, and the maximum norm 
of the terminal constraints are punched on cards compat- 
ible for a continuing run, if desired. 

The clock routine (TIME) is called and the compu- 
tational time is calculated in seconds. The initial- 
ization routine (F7) is called to establish the initial 
conditions for the differential equations and the pertur- 
bation equations. The print routine (FPRNT) is called 
twice; once for the printing of the clock time, and once 
for the printing of the initial conditions, if desired. 
The plot storage routine (FPLEW) is called to plot the 
initial conditions. 

The integration routine (INTEG) is called and the n 
first-order differential equations are integrated forward. 
Simultaneously, the perturbation equations are integrated 
forward with the proper starting conditions. The print 
routine (FPRNT) and the plot storage routine (FPLEW) are 
called and the terminal conditions are printed and plotted, 
if desired. The clock routine (TIME) is called and the 
elasped time is calculated in seconds. The print routine 
is called to print the computational time required for 
the integration, if desired. 

The convergence routine (CONVRG) and the plot routine 
(FPLOT) are c.alled, and the desired graphs for the current 
iteration are plotted. If convergence has not been achieved, 
the next iteration is started. If convergence has been 
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achieved ,  t he  c lock  r o u t i n e  (TIME) i s  c a l l e d  and t h e  t o t a l  
execu t ion  t i m e  i s  c a l c u l a t e d  i n  seconds.  The p r i n t  r o u t i n e  
(FPRNT) i s  c a l l e d  t o  p r i n t  t h e  t o t a l  time requ i r ed  f o r  t h i s  
c a s e ,  i f  d e s i r e d .  The p l o t  r o u t i n e  (FPLOT) i s  c a l l e d  and 
t h e  d e s i r e d  graphs a r e  genera ted .  The r o u t i n e  w i l l  now 
a t tempt  t o  execute  ano the r  case. 

Subrout ine ABAM 
This  i s  a s i n g l e  s t e p  p r e d i c t o r - c o r r e c t o r  technique 

used t o  so lve  a s e t  o f  f i r s t - o r d e r  d i f f e r e n t i a l  equa t ions .  
The method i s  based on an Adams-Bashford p r e d i c t o r  ( fou r th -  
o rde r )  and an Adams-Moulton c o r r e c t o r  ( f i f t h - o r d e r )  as 
d i scussed  by Hildebrand.  ( l o )  

on t h e  c o r r e c t o r  w i l l  u s u a l l y  provide  s u f f i c i e n t  accuracy 
f o r  most problems. This r o u t i n e  r e q u i r e s  f o u r  back p o i n t s  
and t h e i r  d e r i v a t i v e s .  

Two i t e r a t i o n s  (METHOD =2) 

The r o u t i n e  i n t e g r a t e s ,  on any g iven  i t e r a t i o n ,  t h e  
d i f f e r e n t i a l  equat ions  i n  F 1  once,  and t h e  d i f f e r e n t i a l  
equat ions  i n  F2 q t imes.  Storage i s  f a c i l i t a t e d  by 
use o f  an  index r e g i s t e r  (I1B and IZB) which al lows i n t e -  
g r a t i o n  t o  proceed from p o i n t  t o  p o i n t  by changing t h e  
index r e g i s t e r s  r a t h e r  t han  moving t h e  d a t a .  This g i v e s  
a r o l l i n g  drum e f f e c t .  

The mathematical  r e l a t i o n s  used a r e  
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for the predictor, and 

for the corrector, where h is the integration step size. 

Subroutine CONVRG 

This routine determines the norm of the terminal 
constraints and implements the different correction 
schemes according to the value of KEY. 

If KEY = 1, the Normal Correction Procedure is used. 
The change in the terminal error dh (B) is taken as 
the negative of the error in the terminal constraints 
h (HNEW) , the coefficient matrix C (AA) is evaluated 
and the Correction y (HNEW) is determined. The 
correction is added to the values on the last iteration 
(see ITER), and if the norm of the terminal constraints 
Ilhll (HNN) and the individual corrections are less than 
some prescribed epsilon (EPS) convergence has been achieved. 
If convergence has not been achieved, the iteration 
count (ICOUNT) is checked against the maximum iterations 
(KK) allowed to de$ermine if the iterative process is to 
be continued or terminated. 

If KEY = 2, the Fractional Correction Procedure is used. 
The procedure is similiar to the case when KEY = 1 for 
determining a correction. However, the last two convergent 
solutions are preserved, and the fractional correction 
constant c (CI) is incremented by a small amount ( D E L ) .  If 
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divergence occur s ,  t hen  t h e  r o u t i n e  a t tempts  t o  c o r r e c t  
from t h e  l a s t  convergent s o l u t i o n  decrementing C I  
by DEL. When t h e  c o r r e c t i o n  v e c t o r  i s  decremented 
t o  DEL and an improvement has  no t  been made i n  t h e  
t e rmina l  e r r o r ,  t h e  r o u t i n e  backs up t o  t h e  second l a s t  
convergent s o l u t i o n  and t r i e s  aga in .  If  t h i s  does no t  
achieve convergence, t h e  case  i s  abor ted .  

If  KEY = 3 ,  t h e  Minimum Norm Correc t ion  Procedure 
i s  used. The r o u t i n e  f i r s t  determines i f  e i t h e r  of t h e  
Stepped procedures  a r e  used (IFL 1. 2 )  . In  t h i s  case ,  
t h e  norm o f  t h e  t e rmina l  c o n s t r a i n t s  HNN i s  checked 
t o  determine i f  i t  i s  l e s s  than some p r e s p e c i f i e d  va lue  
(FL2). If t h e  norm i s  less than  t h i s  v a l u e ,  c o n t r o l  i s  
switched t o  t h e  Normal Correc t ion  Procedure.  I f  t h e  
norm o f  t h e  t e rmina l  c o n s t r a i n t s  HNN i s  g r e a t e r  than FL2 
o r  i f  t h e  Var iab le  procedures  (IFL > 2 )  a r e  used,  t h e  
mat r ix  C (AA) i s  formed ( see  F 4 ) .  The ma t r ix  AA i s  
p r i n t e d  i n  FPRNT, i f  d e s i r e d ,  and modified i n  MLTPLY 
depending on which procedure i s  used. The modified 
mat r ix  is  then p r i n t e d  i n  FPRNT, i f  d e s i r e d .  The 
c o r r e c t i o n s  a r e  determined i n  CORVEC and p r i n t e d ,  i f  
d e s i r e d .  The r o u t i n e  then determines i f  convergence 
has been achieved a s  i n  KEY = 1. 

Subrout ine CORVEC 
This  sub rou t ine  forms t h e  m u l t i p l i c a t i o n  of a m a t r i x ,  

A , t imes a v e c t o r ,  B , and s t o r e s  t h e  answer i n  a 
v e c t o r ,  C . Mathematical ly ,  AB = C . 

Subrout ine CRDPCH 
The purpose of t h i s  r o u t i n e  i s  t o  punch on ca rds  t h e  

va lues  of t h e  dependent v a r i a b l e ,  i n i t i a l  and t e rmina l  
t ime,  and t h e  maximum norm of  t h e  t e rmina l  c o n s t r a i n t s  
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f o r  each i t e r a t i o n  i n  t h e  same format r e q u i r e d  f o r  i n p u t .  

If IPCH = 0 ,  c o n t r o l  i s  r e t u r n e d  t o  t h e  M A I N  program. 
If  I P C H  # 0 ,  t h e  N i n i t i a l  va lues  o f  t h e  dependent v a r i -  
a b l e s  (DEPO) a r e  punched under a 2 D 2 5 . 1 6  format .  The 
i n i t i a l  t i m e  (TO) and t h e  f i n a l  t i m e  (TF) a r e  punched 
wi th  a 2D25.16 format .  F i n a l l y ,  t h e  maximum norm o f  t h e  
t e rmina l  c o n s t r a i n t s  Ilhllmax (HMAX) i s  punched under a 
D 2 5 . 1 6  format .  

Subrout ine FPLEW 
This r o u t i n e  s t o r e s  t h e  v a r i o u s  parameters  which a r e  t o  

be p l o t t e d  on t h e  high-speed drum. I t  uses  t h e  symbolic 
magnetic t a p e  u n i t  3 t o  achieve t h i s  s t o r a g e .  The parameters  
which a r e  s t o r e d ,  f o r  t h e  example shown i n  Appendix A ,  a r e  
t he  c o n t r o l  angle  ve r sus  t i m e  i n  days (STORA) and t h e  norm 
of t h e  t e rmina l  c o n s t r a i n t s  ve r sus  t h e  i t e r a t i o n  count 
(STORB). For t h e  convenience o f  t h e  u s e r ,  t h e  c o n t r o l  angle  
i s  c a l c u l a t e d  a s  a Y va lue ,  and time i s  c a l c u l a t e d  a s  an  
X v a l u e .  

The program determines f i r s t ,  whether o r  n o t  p l o t t i n g  i s  
d e s i r e d .  I f  no t  (PLT I 0 ) ,  a r e t u r n  i s  executed.  However, 
if p l o t t i n g  i s  d e s i r e d  (PLT > 0 ) ,  t h e  r o u t i n e  has  fou r  
op t ions  dependent upon t h e  argument o f  I ( I  = 5 , 7 , 9 , 1 1 ) .  

For I = 5 ,  t h e  p l o t t i n g  p o i n t  index i s  i n i t i a l i z e d  f o r  
t h e  f i r s t  p o i n t  (K1 = 1 ) .  If  t h i s  i s  t h e  f i r s t  i t e r a t i o n  
(ICOUNT = l ) ,  t h e  index i s  se t  t o  s t o r e  t h e  d a t a  i n  t h e  f i r s t  
p a i r  o f  columns ( K 2  = 1 ) .  I t  i s  then  determined i f  t h i s  i s  
t h e  PLTth (L) i t e r a t i o n .  
t h i s  curve i s  s e t  (INDEX(K2) = l ) ,  and t h e  d a t a  t ape  i s  

The i n i t i a l  number of p o i n t s  f o r  
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rewound. The extreme l i m i t s  f o r  t h e  a b s c i s s a  (XMAX, XMIN) 
and t h e  o r d i n a t e  (YMAX, Y M I N )  a r e  s e t .  The i n i t i a l  time i n  
days (X(1)) and t h e  c o n t r o l  angle  i n  degrees  (Y(1)) a r e  
c a l c u l a t e d .  Control  i s  t r a n s f e r r e d  t o  t h e  d a t a  manipula t ion  
p o r t i o n  o f  t h e  r o u t i n e .  

F o r  I = 7 ,  t h e  p o i n t  and curve indexes a r e  incremented 
by one (K1 = K 1  + 1 and INDEX(K2) = INDEX(K2) + 1 )  , t h e  
f i n a l  time i s  computed i n  days ( X ( l ) ) ,  and t h e  f i n a l  c o n t r o l  
angle  i s  computed i n  degress  (Y(1)) .  Control  i s  t r a n s f e r r e d  
t o  t h e  d a t a  manipula t ion  p o r t i o n  o f  t h e  r o u t i n e .  

For I = 9 ,  i t  i s  determined i f  t h i s  i s  t h e  IPLTth p o i n t  
(J = 0 ) .  For J # 0 ,  r e t u r n  t o  t h e  i n t e g r a t i o n  r o u t i n e  
(INTEG). If t h i s  p o i n t  i s  t o  be p l o t t e d ,  t h e  p o i n t  index 
i s  incremented by one (K1 = K 1  + l ) ,  and t h e  time i n  days 
and t h e  c o n t r o l  ang le  i n  degrees  a r e  c a l c u l a t e d .  Cont ro l  
i s  t r a n s f e r r e d  t o  t h e  d a t a  manipulat ion p o r t i o n  o f  t h e  program. 

For I = 11, t h e  i t e r a t i o n  count (STORB(ICOUNT,l)) and t h e  
norm of t h e  t e rmina l  c o n s t r a i n t s  (STORB(ICOUNT,Z)) a r e  saved,  
and c o n t r o l  i s  r e t u r n e d  t o  t h e  convergence r o u t i n e  (CONVRG). 

I n  t h e  d a t a  manipula t ion  p o r t i o n  of t h e  r o u t i n e ,  t h e  
a c t u a l  extrema of  t h e  d a t a  a r e  determined (XMAX, X M I N ,  YMAX, 
YMIN) and t h e  t r a j e c t o r y  p o i n t s  (X, Y )  a r e  s t o r e d  i n t o  a 
d a t a  a r r a y  (STORA) which w i l l  be p laced  on t h e  high-speed 
drum ( o r  magnetic t ape  u n i t  3 ) .  I t  i s  now determined i f  
t h e  d a t a  a r r a y  (STORA) i s  f u l l  ( K 1  = NS) o r  i f  t h e  l a s t  p o i n t  
has been c a l c u l a t e d  (K = 3 ) .  I f  n e i t h e r  o f  t h e s e  c o n d i t i o n s  
a r e  met,  c o n t r o l  i s  r e tu rned  t o  t h e  c a l l i n g  r o u t i n e  (MAIN o r  
INTEG) 

J 
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If  t h e  d a t a  a r r a y  is  f i l l e d  o r  t h i s  i s  t h e  l a s t  p o i n t ,  
t h e  drum w r i t e  counter  (IWRT(K2)) i s  incremented, t h e  max- 
imum drum w r i t e  count i s  eva lua ted  (IWRT(l)), and t h e  d a t a  
i s  p laced  on t h e  drum. 

I f  t h i s  i s  t h e  l a s t  p o i n t ,  t he  i t e r a t i o n  count  (IT2) i s  
saved. If t h i s  i s  t h e  f i r s t  i t e r a t i o n  (ICOUNT = l ) ,  o r  i f  
t h i s  i s  t h e  PLTth (L = 0 )  i t e r a t i o n ,  t h e  curve index (K2) i s  
incremented by one. A maximum o f  seven curves i s  saved 
(NS2 = 7 ) .  

If  t h i s  i s  no t  t h e  l a s t  p o i n t  and t h i s  i s  n o t  t h e  f i r s t  
i t e r a t i o n ,  t h e  d a t a  a r r a y  (STORA) i s  f i l l e d  wi th  t h e  prev ious  
informat ion  c a l c u l a t e d  f o r  t h a t  block on previous  t r a j e c t o r i e s ,  
and t h e  drum i s  backed up t o  a l low new informat ion  t o  update  
t h e  drum. The l a s t  p o i n t  c a l c u l a t e d  i s  s t o r e d  i n  t h e  f i r s t  
row of t h e  a r r a y .  The p l o t t i n g  p o i n t  index i s  r e i n i t i a l i z e d  
(K1 = l ) ,  and t h e  number of p o i n t s  f o r  t h i s  curve i s  i n c r e -  
mented by one (INDEX(K2)). Control  i s  r e tu rned  t o  t h e  
c a l l i n g  r o u t i n e .  

I 

Subrout ine FPLOT 

This  r o u t i n e  p l o t s  t h e  informat ion  i n  STORA and STORB. 
The r o u t i n e  determines f i r s t  i f  p l o t s  a r e  d e s i r e d  (PLT > 0 ) .  
I f  p l o t s  a r e  n o t  d e s i r e d ,  c o n t r o l  i s  r e t u r n e d  t o  t h e  main 
program. 

If p l o t s  a r e  d e s i r e d ,  t he  number o f  curves  (K2) t h a t  
may occur  on one g r i d  i s  c a l c u l a t e d  f rom t h e  i t e r a t i o n  count  
(ITZ),  t h e  curve p l o t  f requency (PLT), and t h e  maximum num- 
b e r s  of curves  (NS2). If J P L T  i s  ze ro ,  only t h e  curves  f o r  
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t h e  c u r r e n t  i t e r a t i o n  a r e  p l o t t e d ;  o therwise ,  a l l  K 2  curves  
a r e  genera ted .  

The p l o t t i n g  boundaries  a r e  determined,  and t h e  a s s o c i a t e d  
s c a l i n g  f a c t o r s  f o r  each curve a r e  c a l c u l a t e d .  The curve 
d a t a  a r e  r ead  from t h e  drum, and a r e  p l o t t e d  v i a  t h e  QUIKML 
r o u t i n e .  If  t h e  d a t a  were s c a l e d ,  t h e  s c a l e  f a c t o r s  a r e  
p r i n t e d  on t h e  g r i d .  If  J P L T  i s  z e r o ,  c o n t r o l  i s  r e t u r n e d  
t o  t h e  main program; o therwise ,  a p l o t  i l l u s t r a t i n g  t h e  con- 
vergence h i s t o r y  o f  t h i s  case  i s  d e s i r e d .  

The r o u t i n e  now p repa res  f o r  t h e  semi- logar i thmic  p l o t  
of t h e  norm o f  t h e  te rmina l  c o n s t r a i n t s  ve r sus  t h e  i t e r a t i o n  
count (STORB). The p l o t  r e g i s t e r s  a r e  c l e a r e d  and t h e  f i l m  
i s  advanced one frame (RESET). Next t h e  non l inea r  mode i s  
e s t a b l i s h e d  f o r  8 -cyc le  log  i n  Y and l i n e a r  i n  X (MODE), 
The l a b e l s  f o r  t h e  Y a x i s  a r e  e s t a b l i s h e d ,  t h e  span f o r  
both t h e  X and Y a x i s  i s  determined (SET1, SET2,  X K K ) ,  
and t h e  g r i d  increments (FIT) a r e  c a l c u l a t e d  i n  r a s t e r s  f o r  
t h e  X a x i s .  The g r i d  r o u t i n e  (GRIDGN) i s  c a l l e d  and t h e  
curve i s  p l o t t e d  (PLOTl). The X and Y a x i s  i d e n t i f i e r s  
a r e  p r i n t e d  ( D  and C). The l a b e l s  a s s o c i a t e d  wi th  t h e  X 
a x i s  (LABELX) and t h e  Y a x i s  (PRINT) a r e  p l o t t e d .  

F i n a l l y ,  t h e  f i l m  i s  advanced (FILMAV), t h e  b u f f e r s  a r e  
dumped (DUMPBUF), and t h e  l i n e a r  mode i s  r e e s t a b l i s h e d  (MODE). 

Subrout ine FPRNT 

This r o u t i n e  p r i n t s  t h e  in t e rmed ia t e  in format ion  r equ i r ed  
during each i t e r a t i o n .  Two p r i n t i n g  modes a r e  pe rmi t t ed ,  t h e  
suppressed mode (SWCH = 0 )  o r  t h e  f u l l  mode (SWCH = 1 ) .  
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Dependent upon t h e  va lue  ( I )  r ece ived  from v a r i o u s  r o u t i n e s ,  
d i f f e r e n t  in format ion  i s  p r i n t e d .  The informat ion  t o  be 
p r i n t e d  i s  e s t a b l i s h e d  by t h e  va lue  of JSWCH (JSWCH = I 
+ SWCH) through t h e  use of  a computed GO TO s t a t emen t .  

For I = 1 and SWCH = 1, t h e  t i m e  i n  seconds i s  p r i n t e d  
p r i o r  t o  t h e  main program c a l l i n g  t h e  i n t e g r a t i o n  r o u t i n e .  
Control  i s  r e t u r n e d  t o  t h e  main program. I f  SWCH = 0 ,  t h e r e  
i s  no p r i n t  a c t i o n .  

For I = 3 and SWCH = 1, t h e  t i m e  i n  seconds i s  p r i n t e d  
a f t e r  c a l l i n g  t h e  i n t e g r a t i o n  r o u t i n e .  Control  i s  r e t u r n e d  
t o  t h e  main program. If  SWCH = 0 t h e r e  i s  no p r i n t  a c t i o n .  

For  I = 5 and SWCH = 1, t h e  i n i t i a l  time (TO) and t h e  
ma t r ix  r e p r e s e n t i n g  t h e  i n i t i a l  cond i t ions  f o r  t h e  d i f f e r -  
e n t i a l  equat ions  and t h e  p r e t u r b a t i o n  equat ions  (DEP) a r e  
p r i n t e d .  Control  i s  r e t u r n e d  t o  t h e  main program. If  
SWCH = 0 ,  t h e r e  i s  no p r i n t  a c t i o n .  

For I = 7 and SWCH = 1, t h e  f i n a l  time (VIND) and t h e  
ma t r ix  r e p r e s e n t i n g  t h e  f i n a l  cond i t ions  f o r  t h e  d i f f e r e n t i a l  
equa t ions  and t h e  p e r t u r b a t i o n  equat ions  (DEP) a r e  p r i n t e d .  
If SWCH = 0 ,  t h e  l a s t  q d i f f e r e n t i a l  equat ions  and f i n a l  
time a r e  p r i n t e d  wi th  t h e  i t e r a t i o n  number (ICOUNT). Con- 
t r o l  i s  r e t u r n e d  t o  t h e  main program. 

For I = 9 ,  t h e  IPROth  s t e p  causes  t h e  c u r r e n t  time (VIND) 
and t h e  m a t r i x  r e p r e s e n t i n g  t h e  d i f f e r e n t i a l  equa t ions  and 
t h e  p e r t u r b a t i o n  equa t ions  (DEP) t o  be p r i n t e d .  Control  i s  
r e t u r n e d  t o  t h e  i n t e g r a t i o n  r o u t i n e  (INTRKS). The same 
a c t i o n  i s  caused by SWCH being e i t h e r  0 o r  1. 
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For I = 11 and SWCH = 1, t h e  t e rmina l  c o n s t r a i n t  v e c t o r  
h (H) and t h e  norm of t h e  t e rmina l  c o n s t r a i n t s  (HNN) a r e  
p r i n t e d .  I f  SWCH = 0 ,  on ly  t h e  norm o f  t h e  t e rmina l  con- 
s t r a i n t s  i s  p r i n t e d .  Control  i s  r e tu rned  t o  t h e  convergence 
r o u t i n e  (CONVRG) . 

For I = 13  and SWCH = 1, t h e  f r a c t i o n a l  c o r r e c t i o n  con- 
s t a n t  (Cl) i s  p r i n t e d .  I f  SWCH = 0 ,  t h e r e  i s  no p r i n t  a c t i o n .  
Control  i s  r e t u r n e d  t o  t h e  convergence r o u t i n e  (CONVRG). 

For I = 15 and SWCH = 1, t h e  c o r r e c t i o n s  y (H) t h a t  
have been computed w i l l  be  p r i n t e d .  If  SWCH = 0 ,  t h e r e  i s  
no p r i n t  a c t i o n .  Control  i s  r e t u r n e d  t o  t h e  convergence 
r o u t i n e  (CONVRG) - 

F o r  I = 1 7  and SWCH = 1, t h e  f r a c t i o n a l  c o r r e c t i o n  con- 
s t a n t  (Cl) , t h e  at tempt  number (ISET), t h e  i t e r a t i o n  number 
(ICOUNT), and t h e  c o r r e c t i o n s  (H) w i l l  be p r i n t e d .  If 
SWCH = 0 ,  t h e r e  i s  no p r i n t  a c t i o n .  Control  i s  r e t u r n e d  t o  
t h e  convergence r o u t i n e  (CONVRG). 

For I = 1 9  and SWCH = 1, t h e  ma t r ix  A (A) i s  p r i n t e d .  
If  SWCH = 0 ,  t h e r e  i s  no p r i n t  a c t i o n .  Cont ro l  i s  r e t u r n e d  
t o  t h e  convergence r o u t i n e  (CONVRG). 

F o r  I = 2 1  and SWCH = 1, t h e  ma t r ix  computed by t h e  
Minimum N o r m  Correc t ion  Procedure ( see  MLTPLY) i s  p r i n t e d .  
If  SWCH = 0 ,  t h e r e  i s  no p r i n t  a c t i o n .  Control  i s  r e t u r n e d  
t o  t h e  convergence r o u t i n e  (CONVRG). 

F o r  I = 23, t h e  same a c t i o n  occurs  a s  i n  I = 1 9 .  
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For I = 2 5  and SWCH = 1, the t o t a l  t i m e  i n  seconds 
r e q u i r e d  t o  complete t h e  c a s e  i s  p r i n t e d .  I f  SWCH = 0 ,  t h e r e  
i s  no p r i n t  a c t i o n .  Control  i s  r e t u r n e d  t o  t h e  main program. 

Subrout ine F 1  

This  r o u t i n e  c o n t a i n s  t h e  n f i r s t - o r d e r  d i f f e r e n t i a l  
equa t ions  t h a t  d e s c r i b e  t h e  dynamical system. The equa- 
t i o n s  a s  p re sen ted  i n  Equation (1) a r e  

= F ( z , t )  

where i s  r ep resen ted  i n  t h e  program a s  P , z i s  r e p r e -  
s en ted  as TY, and t i s  r ep resen ted  a s  T . The equa t ions  
a r e  a r ranged  s o  t h a t  t h e  equat ions  having t h e  p known 
i n i t i a l  cond i t ions  a r e  f i r s t .  

Subrout ine F2 
I 

This r o u t i n e  c o n t a i n s  t h e  n p e r t u r b a t i o n  equa t ions .  
The equa t ions  a s  p re sen ted  i n  Equation ( 5 )  a r e  

6 k  = A 6 z  

where ma t r ix  A r e p r e s e n t s  [aF/az] and i s  eva lua ted  a t  
each i n t e g r a t i o n  s t e p .  

I n  t h e  f i r s t  s t e p ,  i f  t h e  index J A Y  = 2 ,  t h e  procedure i s  
i n i t i a t e d  t o  eva lua te  t h e  A m a t r i x .  Next, an index (NU) 
i s  checked t o  s e e  i f  t h e  midpoint f o r  Runge-Kutta need be 
approximated. An index (J) i s  s e t  depending on t h e  c a l l i n g  
r o u t i n e  o r  t h e  s t a g e  of  t h e  Runge-Kutta r o u t i n e .  The c o e f -  
f i c i e n t  m a t r i x  i s  s e t  t o  zero ,  and t h e  nonzero elements a r e  
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c a l c u l a t e d .  The product  of t h e  [aF/az]  m a t r i x  (A) and 6 z  
(TY) i s  eva lua ted  and s t o r e d  i n t o  t h e  d e r i v a t i v e  6; ( P ) .  
The o r d e r i n g  o f  t h e  equa t ions  i n  F 2  i s  compatible  wi th  t h a t  
i n  F1.  

Subrout ine  F3 

This  r o u t i n e  e v a l u a t e s  t h e  q + 1 te rmina l  c o n s t r a i n t s  
h (H) from t h e  t e rmina l  s t a t e  z ( t f )  (DEP).  This  i s  
achieved by s a t i s f y i n g  a known t e rmina l  s t a t e  which i s  inpu t  
zf  (XF), i . e . ,  

h = z ( t f )  - Z f  

o r  by s a t i s f y i n g  a f u n c t i o n a l  r e l a t i o n  dependent on t h e  t e r -  
minal va lues  o f  t h e  d i f f e r e n t i a l  equa t ions  (DEP) and t h e i r  
d e r i v a t i v e s  (YPR) , i e e . ,  

h = f ( k , z , t ) l  
t f  

Subrout ine F 4  

This  r o u t i n e  e v a l u a t e s  t h e  t e rmina l  e r r o r  c o r r e c t i o n  
ma t r ix  C = [ (ah /az)Oj&]  ( A ) .  The (ah/az)  ma t r ix  (B)  i s  
eva lua ted  a t  f i n a l  t ime.  The l a s t  column of  A i s  s e t  t o  

e v a l u a t e d  a t  f i n a l  t i m e .  F i n a l l y ,  t h e  ma t r ix  m u l t i p l i -  
c a t i o n  o f  (ah/az)  ( B )  times O (DEP) i s  performed and 
s t o r e d  i n  t h e  f i r s t  q columns of A . 

Subrout ine  F5 

This  r o u t i n e  r eads  i n  two c a r d s .  The f i r s t  c a r d  con- 
t a i n s  t h e  p l o t t i n g  l a b e l  f o r  t h e  X a x i s  and t h e  second 
ca rd  c o n t a i n s  t h e  p l o t t i n g  l a b e l  f o r  t h e  Y a x i s .  
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Subrout ine F6 

This i s  t h e  i n i t i a l  d a t a  i n p u t  r o u t i n e .  E s s e n t i a l l y  a l l  
t h e  d a t a  needed t o  run  a case  i s  r ead  i n  t h i s  r o u t i n e .  In  
a d d i t i o n ,  most of t h e  d a t a  r ead  i s  p r i n t e d  t o  v e r i f y  t h a t  t h e  
d a t a  were i n p u t  c o r r e c t l y .  The on ly  informat ion  n o t  r ead  i n  
t h i s  r o u t i n e  i s  t h a t  concerned wi th  t h e  p l o t t i n g  l a b e l s  
(See F 5 ) .  

Subrout ine F7 

This r o u t i n e  se t s  up t h e  i n i t i a l i z a t i o n  necessary  t o  p e r -  
form t h e  i n t e g r a t i o n  of  t h e  n d i f f e r e n t i a l  equat ions  and 
t h e  q n - v e c t o r s  o f  i n i t i a l  cond i t ions  f o r  t h e  p e r t u r b a t i o n  
equa t ions .  The r o u t i n e  s t o r e s  t h e  n i n i t i a l  cond i t ions  
f o r  t h e  d i f f e r e n t i a l  equa t ions  (DEPO) i n t o  working s t o r a g e  
(DEP and S ) ,  t hen  t h e  i n i t i a l  cond i t ions  f o r  t h e  p e r t u r b a t i o n  
equa t ions  a r e  s t o r e d  i n  t h e  r igh t -mos t  p o r t i o n  of t h e  
remaining q columns o f  DEP. 

Subrout ine INTEG 

This  r o u t i n e  i n t e g r a t e s  t h e  n -vec to r  of d i f f e r e n t i a l  equa- 
t i o n s  and t h e  q n -vec to r s  o f  p e r t u r b a t i o n  equat ions .  The 
r o u t i n e  s e t s  t h e  s t e p  s i z e  f o r  t h e  Runge-Kutta i n t e g r a t i o n  
and i n i t i a l i z e s  t h e  index r e g i s t e r s  t o  g ive  a r o l l i n g  drum 
e f f e c t .  The Runge-Kutta technique y i e l d s  t h e  f i r s t  fou r  
p o i n t s  and t h e i r  d e r i v a t i v e s  t o  be used by the  Adams-Predictor- 
Cor rec to r  technique .  The Adams technique i n t e g r a t e s  forward 
u n t i l  t h e  f i n a l  time (T2) i s  exceeded. Then t h e  Runge-Kutta 
i s  c a l l e d  t o  i n t e g r a t e  t o  t he  f i n a l  t ime. P r i n t i n g  and 
p l o t t i n g  op t ions  a r e  examined a t  each time s t e p  t o  s e e  i f  t h i s  
in format ion  i s  d e s i r e d .  
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Subrout ine INTRKS 

Th i s  i s  a s t anda rd  f o u r t h - o r d e r  Runge-Kutta i n t e g r a t i o n  
technique  (Reference 1 0 ) .  The s t o r a g e  i s  handled i n  t h e  
same manner a s  i n  A B M .  The mathematical  fo rmula t ion  i s  

1 5 - + ( k o  + 2kl + 2k2 + k , )  + O(h ) Yn+ 1 - Yn 

where 

k, = h F(Xn,Yn) 

1 1 
k ,  = h F(xn + 7 h ,  yn + 7 k o )  

1 1 
k2  = h F(xn + h ,  yn + 7 kl) 

k ,  = h F(xn + h,  yn + k 2 )  

and h i s  t h e  s t e p  s i z e .  

Subrout ine  I T E R  

This  r o u t i n e  adds t h e  c o r r e c t i o n s  y (H) t o  t h e  assumed 
f i n a l  t ime (TF) and t h e  q unknown i n i t i a l  A's (DEPO). I t  
i s  assumed t h a t  t h e s e  are t h e  l a s t  q elements  o f  z (DEPO). 

Subrout ine  MLTPLY 

This  r o u t i n e  s e t s  up t h e  ma t r ix  C (A) f o r  t h e  Minimum 
Norm Cor rec t ion  Procedure desc r ibed  i n  Reference 9 .  

T T The r o u t i n e  f i r s t  e v a l u a t e s  C C (A A) and s t o r e s  t h i s  
i n t o  t h e  temporary s t o r a g e  ( B ) .  The r o u t i n e  then  checks 
each main d iagonal  element of B t o  guarantee  t h a t  i t  i s  
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l a r g e r  t han  some p r e s c r i b e d  va lue  (BETA). If t h e  element i s  
n o t  l a r g e r  t han  t h i s  number, i t  is  s e t  t o  t he  l a r g e s t  main 
d iagonal  element.  For IFL = 1, t h e  Stepped-a procedure i s  
used ,  i . e . ,  

B = [(ATA + K )  + ad iag  (ATA + K)] 

For IFL = 2 ,  t h e  Stepped-6 procedure i s  used,  i . e . ,  

B = [ ( A ~ A  + K )  + BI] 

For I F L  = 3 ,  t h e  Var i ab le -a  procedure i s  used,  i . e . ,  

)p diagonal  (A 

For IFL = 4 ,  t h e  Variable-B procedure i s  used ,  i . e . ,  

F i n a l l y ,  t h e  r o u t i n e  t ransforms t h e  e r r o r  v e c t o r  (C)  i n t o  
t h e  modif ied e r r o r  v e c t o r  (D) and r e p l a c e s  t h e  o r i g i n a l  
ma t r ix  (A) by t h e  newly computed ma t r ix  (B). 

Subrout ine MINVDP 
See Reference 11. 
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M O D I F I C A T I O N S  FOR D I F F E R E N T  PROGRAM 

This  s e c t i o n  i s  designed t o  a s s i s t  t h e  u s e r  i n  modi- 
f y i n g  t h e  e x i s t i n g  program t o  s a t i s f y  t h e  u s e r s  needs and 
requirements .  To some e x t e n t ,  f a m i l i a r i t y  wi th  t h e  UNIVAC 
CUR system i s  u s e f u l  and a b a s i c  knowledge o f  FORTRAN is  
assumed, A l l  c o n t r o l  ca rds  a r e  assumed t o  s t a r t  i n  column 
1 u n l e s s  s p e c i f i e d  o therwise .  An apostrophe i n  column 1 
i n d i c a t e s  a 7 - 8  m u l t i p l e  punch. 

CONTROL CARD 1 

$ J O B  ca rd  

CONTROL CARD 2 

' N  HDG I N P U T  1 0 6 1 5  
The message I N P U T  begins  i n  column 1 3  

CONTROL CARD 3 

' ASG P=10615 

CONTROL CARD 4 

' XQT CUR 

CONTROL CARDS 5 - 8  ( a l l  s t a r t  i n  column 3 )  

TRW P 
I N  P 
T R I  P 
TOC 
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CONTROL CARDS 9 - 1 0  

' T  F O R , *  MAIN,MAIN,MAIN/B 
-1,l 

I n s e r t  t h e  FORTRAN PARAMETER c a r d  equa t ing  N w i th  t h e  
number o f  dependent v a r i a b l e s ,  NQ w i t h  t h e  q + 1 
t e r m i n a l  c o n s t r a i n t s ,  KON wi th  t h e  number of s p e c i a l  
program c o n s t a n t s  r e q u i r e d ,  and NS3 wi th  t h e  number 
o f  A X I S  l a b e l s  t o  be r ead  i n ,  i . e . ,  

PARAMETER N = 8 ,  NQ = 4 ,  KON = 4 ,  N S 3  = 2 

A f t e r  t h i s ,  t h e  parameter  c a r d  and t h e  d e s i r e d  
v a r i a b l e s  on t h e  c a r d  w i l l  be i n d i c a t e d  by ?. The 
u s e r  s u p p l i e s  t h e  c o r r e c t  v a l u e  f o r  N,  NQ, KON, and 
N S 3 .  

CONTROL CARDS 1 1 - 1 2  

' T  FOR,*  ABAM,ABAM,ABAM/B 
- 2 , 2  

PARAMETER N = ? ,  NQ = ? 

CONTROL CARDS 13-14 

' T FOR , * CONVRG , CONVRG , CONVRG/B 

PARAMETER N = ?, NQ = ? 
- 2 , 2  

CONTROL CARDS 1 5 - 1 6  

' T  F O R , *  CRDPCH,CRDPCH,CRDPCH/B 
- 2 , 2  

PARAMETER N = ? 

CONTROL CARDS 17-18 

'T  FOR,  * FPLEW,FPLEW,FPLEW/B 
- 3 , 5 '  

PARAMETER N = ? ,  NQ = ?,  N S 3  = ? ,  KON = 4 

DOUBLE P R E C I S I O N  - anyth ing  r e q u i r e d  
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CONTROL CARD 1 9  

- 6 1 , 6 2  
X( l )  = in format ion  f o r  t h e  f i r s t  X-axis  
Y ( 1 )  = in format ion  f o r  t h e  f i r s t  Y-axis 

. . . . . . . . . . . . . . . . . . . .  
X(NS4) = in format ion  f o r  t h e  l a s t  X-axis 
Y(NS4) = in format ion  f o r  t h e  l a s t  Y-axis 
(Note: NS4 = NS3/2, and i s  de f ined  i n  a 
parameter  s t a t emen t . )  

CONTROL CARDS 2 0 - 2 1  

' T  FOR,* FPLOT,FPLOT,FPLOT/B 
- 2 , 2  

PARAMETER NS3 = ? 

CONTROL CARDS 22-23 

' T  FOR,* FPRNT,FPRNT,FPRNT/B 

PARAMETER N = ?,  NQ = ? 
- 2 , 2  

CONTROL CARDS 2 4 - 2 5  

' T  FOR,* F l , F l , F l / B  
- 2 , 2  

PARAMETER N = ?, KON = ? 

CONTROL CARD 26 

-5 ,6  
DOUBLE PRECISION l o c a l  program c o n s t a n t  names 
EQUIVALENCE (CON(l), l o c a l  c o n s t a n t ) ,  ---, (CON (KON) , 
l o c a l  c o n s t a n t ) .  

These two s t a t emen t s  a r e  only f o r  t hose  u s e r s  t h a t  
d e s i r e  t h e  use of an i d e n t i f y i n g  l a b e l  f o r  t h e i r  
c o n s t a n t s .  They a r e  not  necessary  f o r  t h e  proper  use  
and execut ion  o f  t h e  program. 
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CONTROL CARD 27 

-9 ,19 

The s e t  o f  N f i r s t - o r d e r  d i f f e r e n t i a l  equa t ions  
P(1) which involves  t h e  dependent v a r i a b l e s  TY(1) 
wi th  i t s  corresponding c o e f f i c i e n t s .  

CONTROL CARDS 28-29 

' T  FOR," F 2 , F Z Y F 2 / B  
-2,2 

PARAMETER N = ? ,  KON = ? 

CONTROL CARD 30 

- 5 , 7  
Same comments under Control  Cart here.  

CONTROL CARD 31 

- 2 7 , 5 9  

FORTRAN s t a t emen t s  d e f i n i n g  t h e  N X N c o e f f i c i e n t  
ma t r ix  of  t h e  p e r t u r b a t i o n  equat ions .  The ma t r ix  
i s  A(1 , J ) .  The s u b s c r i p t  I corresponds t o  t h e  
I t h  equa t ion  and t h e  J t o  t h e  J t h  c o e f f i c i e n t  
i n  t h e  equat ion .  Only t h e  nonzero c o e f f i c i e n t s  
need be eva lua ted .  

CONTROL CARDS 32-33 

' T  FOR,* F3.F3,F3/B 
-2,2 

PARAMETER N = ? ,  NQ = ?,  KON = ? 

CONTROL CARD 34 

-15,18 
A s e t  of FORTRAN s t a t emen t s  e v a l u a t i n g  t h e  NQ elements 
o f  H(1) wi th  t h e  N dependent v a r i a b l e s  DEP(K,l), t h e  
N d e r i v a t i v e s  o f  t h e  dependent v a r i a b l e s  YPR(J912B,1) 
and t h e  NQ elements o f  t he  inpu t  t e rmina l  c o n s t r a i n t  
XF ( I ) .  
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CONTROL CARDS 35-36 

'T FOR,* F4,F4,F4/B 
- 2 , 2  

PARAMETER N = ?,  NQ = ?,  KON = ? 

CONTROL CARD 37 

-23,26 

Place the nonzero elements of [ah/az] in the matrix B. 

CONTROL CARD 38 

-30,33 

Place the NQ elements of 6 in A(1,NQ). 

CONTROL CARDS 39-40 

'T FOR,* F5,F5,F5/B 
- 2 , 2  

PARAMETER NS3 = ? 

CONTROL CARDS 41-42 

'T FOR,* F6,F6,F6/B 
- 2 , 2  

PARAMETER N = ? ,  NQ = ?,  KON = ? 

CONTROL CARDS 43-44 

'T FOR,* F7,F7,F7/B 
- 2 , 2  

PARAMETER N = ?,  NQ = ? 

CONTROL CARDS 45-46 

'T FOR,* INTEG,INTEG,INTEG/B 
- 2 , 2  

PARAMETER N = ? 
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CONTROL CARDS 47-48 

'T FOR,* INTRK5,INTRK5,INTRK5/B 

PARAMETER N = ? ,  NQ = ? 
- 2  $ 2  

CONTROL CARDS 49-50 

'T FOR,* ITER,ITER,ITER/B 
- 2 , 2  

PARAMETER N = ? ,  NQ = ? 

CONTROL CARDS 51-52 

'T FOR,* MLTPLY,MLTPLY,MLTPLY/B 
- 2 , 2  

PARAMETER NQ = ? 

CONTROL CARDS 53-55 

' XQT CUR 

' XQT MAIN/B 
TOC (this starts i n  column 3) 

PROGRAM INPUT DATA 

CONTROL CARD 56 

' EOF 
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FORTRAN 
NOTAT I ON 

DATA INPUT 

COLUMNS FORMAT DESCRIPTION 

PLOT LABELS 
Card 1 

BCD(I,l) ,  I=1,12 1 - 7 2  1 2 A 6  P l o t  l a b e l  f o r  
t h e  X-axis .  

Card 2 
BCD(I,2), I=1,12 1-72 1 2 A 6  P l o t  l a b e l  f o r  

t h e  Y-axis .  

DEPENDENT VARIABLES 
Cards 3-6 

DEPO(I),I=I,K 1 - 2 5  D25 .16  I n i t i a l  va lues  
26-50  D25 .16  o f  t h e  dependent 

v a r i a b l e .  Input  
two t o  a ca rd .  
( I n  t h i s  example 
N = 8 ,  s e e  t h e  
PARAMETER c a r d ) .  

TERMINAL VALUES 
Cards 7 - 8  

XF(1) , I = l , N Q  1 - 2 5  D25 .16  Desired t e rmina l  
2 6 - 5 0  D25.16 va lues .  Input  two 

t o  a card .  ( I n  t h i s  
example N Q = 4 ,  s e e  
t h e  PARAMETER c a r d ) .  

TIME INTERVAL 
Card 9 

TO 

TF 

1 - 2 5  D25.16 I n i t i a l  va lue  of 
beginning i n t e g r a t i o n  
time . 

26-50 D25 .16  I n i t i a l  va lue  of 
f i n a l  i n t e g r a t i o n  
time . 
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FORTRAN 
NOTATION 

ACCURACY CONTROL 
Card 10 

STEP 

EPS 

RUN CONTROL 
Card 11 
METHOD 

KK 

I PLT 

PLT 

IPRO 

KEY 

COLUMNS FORMAT DESCRIPTION 

1-25 D25.16 Integration step 
size. 

26-50 D25.16 Accuracy required 
o f  the terminal 
values. 

1-5 I5 

6-10 I5 

11-15 I5 

16-20 I5 

21-25 I5 

26-30 I5 

Number of iterations 
with the Adams- 
Moulton corrector 
(always 2 1). 

Maximum number 
of iterations 
allowed (5  50). 

Frequency of plotting 
points during the 
iteration. Require 
(TO-TF) < 475 (IPLT) 
STEP. 

Frequency of plotting 
iterations. 

Frequency of printing 
points during each 
iteration. 

Correction procedure 
desired (KEY=1 is 
Normal Correction 
Procedure, KEY=:! 
is Fractional Cor- 
rection Procedure, 
KEY=3 is Minimum Norm 
Correction Procedure). 
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FORTRAN 
NOTAT I O N  

SWCH 

I PCH 

IHMAX 

COLUMNS FORMAT DESCRIPTION 

31-35 I 5  P r i n t  Cont ro l  
Switch. (SWCH=O 
i s  suppressed mode, 
SWCH=l i s  f u l l  mode). 

36-40 I 5  Punch Control  Switch,  
(IPCH=O no punching 
d e s i r e d .  I P C H = l ,  
punch ou t  t h e  n 
dependent v a r i a b l e s ,  
t h e  time i n t e r v a l ,  
and HMAX on each 
i t e r a t i o n ) .  

4 1 - 4 5  I 5  Maximum Norm Control  
Switch. (IHMAX=O 
do not  read  i n  HMAX, 
IHMAXfO read  i n  HMAX). 

CORRECTION SCHEME (not  Used f o r  K E Y = 1 )  

Card 1 2  (For KEY=2) 
C 1 - 2 5  D25.16  I n i t i a l  F r a c t i o n a l  

Cor rec t ion  Constant .  

DEL 26-50 D25.16  Rate o f  change of 
F r a c t i o n a l  Cor rec t ion  
Constant .  

ALTERNATE Card 1 2  ( f o r  KEY=3) 
F L 1  

FL2 

IFL 

1 - 2 5  D25 .16  a i f  I F L  = 1 o r  3 
i f  IFL = 2 o r  4 60, 

26-50  D25.16  y i f  I F L  L 2 
p i f  I F L  L 3 

55  I1 Denotes t h e  Minimum 
Norm Cor rec t ion  
Procedure t o  be used. 
(IFL=1 use  t h e  Stepped 
Alpha Procedure,  
I F L = 2  use t h e  Stepped 
Beta Procedure,  IFL=3 
use t h e  Var i ab le  Alpha 34 



FORTRAN 
NOTATION 

COLUMNS FORMAT DESCRIPTION 

Procedure and IFL=4 
use the Variable 
Beta Procedure). 

MAXIMUM NORM (To be used only when IHMAX # 0 )  
Card 1 3  
HMAX 

PROGRAM CONSTANTS 
Cards 14-17 

PLACE 

CON (I) 

1-25 D25.16 The maximum norm o f  
the terminal constraints. 
(This makes sense only 
when used in conjunction 
with the Variable 
Alpha or Variable Beta 
Correction Procedures). 

1-24 4A6 The alphanumeric 
identification the 
user identifies with 
the input constant. 

25-50 D25.16 The program constant. 
(I is the subscript 
that ranges from 1 
t o  KON. In this 
program KON=4, see 
PARAMETER card). 

The next case starts at Card 3. 
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EQUIPMENT 

This  program has  been checked o u t  on t h e  UNIVAC 1108 com- 
p u t e r .  In  a d d i t i o n  t o  t h e  systems t a p e s ,  d a t a  inpu t  ( S ) ,  

d a t a  ou tpu t  ( 6 ) ,  punch ( - 3 ) ,  and SC4060 (17) t a p e s ,  two a d d i -  
t i o n a l  t apes  a r e  r e q u i r e d .  They a r e :  

1. Program PCF t ape  (ass igned  P) . 
2 .  A s c r a t c h  t ape  ( 3 ) .  This i s  u s u a l l y  unassigned,  

bu t  when t h e  drum i s  n o t  s u f f i c i e n t l y  l a r g e  t o  
c o n t a i n  t h e  p l o t  d a t a ,  i t  must be ass igned  
(ass igned  3 )  t o  a magnetic t a p e  u n i t .  

A l l  i npu t  and output  a r e  c o n s i s t e n t  w i th  t h e  c u r r e n t  
requirements  f o r  handl ing by t h e  UNIVAC 1108 p e r i p h e r a l  
equipment. The sof tware  requirement i s  a s t anda rd  FORTRAN 
V system. 
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Appendix A 

EARTH-MARS TRANSFER EXAMPLE 



1. FORMULATION 

The minimum time Earth-Mars transfer problem may 
be stated as follows: Determine the control history 
@(t) such that a spacecraft may transfer from initial 
conditions corresponding to that of Earth to conditions 
corresponding to that of Mars in minimum time. 

The differential equations of motion are 

= v2/r - GM/r2 + (T/m) sin $ 

= - uv/r + (T/m) cos IJJ 

r = u  

6 = v/r 

where u, v, r, and 8 are the radial velocity, tan- 
gential velocity, radial position and angular position, 
respectively. The control variable IJJ is the thrust 
orientation to the local horizontal. The symbol GM 
is the gravitational constant of the sun, and 
m = mo - it is the vehicle mass. 

When the optimization process is applied, the control 
variable angle IJJ is eliminated from the above equations 
and four additional equations are required to be satisfied 
(Euler-Lagrange equations). 

A-1 



The initial boundary conditions v3(to) = -1 is 
used in place of one of  the terminal transversality 
boundary conditions and upon reordering, the differential 
equations for F1 become 

i l  = = i~ = v2/r - GM/r2 - (T/m) vl/d- 
z 2  0 = x2 0 = = - uv/r - (T/m) 1-12/ 7 1-11 + 1-12 

. e e 

z 3  = x 3  = r = u 

* 
z 5  = = i3 = (v2/r2 - 2GM/r3) 1-11 

t = tf (unspecified) to where t = 

uCto> = 0.0 

W0) = 1.0 

rCto) = 1.0 

W0) = 0.0 

p 3 [ t o )  = - 1 . 0  

U(tf) = 0.0 

v(tf) = 0 .8078 

r(tf) = 1 . 5 3 2  

P4(tf> = 0.0 
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The p e r t u r b a t i o n  equat ions  f o r  F2 a r e  

= (2v / r )  6 z 2  + (2GM/r3 - v 2 / r 2 )  6 z 3  

- [ T ~ ~ / ~ ( ~ :  + l-lW] [ W Z ~  - ~ 1 ~ 6 ~ ~ 1  

6 k 3  = 6 Z l  
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The t e rmina l  c o n s t r a i n t s  f o r  F3 a r e  

hl  = U ( t f l  

h2 = v ( t f )  - 0 . 8 0 7 8  

h3 = r ( t f )  - 1.532 

h4 = 114Ctf) 

The p a r t i a l  d e r i v a t i v e  o f  t h e  t e rmina l  c o n s t r a i n t s  
wi th  r e s p e c t  t o  t h e  dependent v a r i a b l e s  and t h e  time 
r a t e s  of change o f  t h e  t e rmina l  c o n s t r a i n t s  f o r  F 4 . a r e  

1 [E] = [ 0 0 1 0 0 0 0 0  

1 0 0 0 0 0 0 0  
0 1 0 0 0 0 0 0  

0 0 0 0 0 1 0 0  

and 
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2 .  PROGRAM LISTING 

A-  5 



A- 6 



ALL. T IME 

x3 = J 

X d  = XJ/1UOUeW 
XK = X J  

X M t X  = X J  - XMEX 

CALL 1-7 

I T S 1  

CALL kP'HNl(1T) 

1 TZ3 

CALL kPHN r ( 1T ) 
CALL FVLEW ( I  1 ) 

CALL 1NTt.G 

1 T=7 

CALL I-PKNT ( I  1 )  

CALL l-PLtW(IT) 

CALL TXME(d) 

XJ = 3 

X$ = x3/1uuu*u 
XN 3 X d  - XK 

X M t X z X J  

I T = 3  

CALL FYKN? (IT) 

CALL CONVKG(KIK1  

JPLr = [) 

CALL FPLOT 
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c 

c ADAMs-IjASHFOKO PREUICIW W I l H  AN AUAMS-MOULTUN COHH 

C 

NS=Nw 

VINU = VINU -+ ULLT 

XN=V1NU 

L)O 40 3 A Y  = IPNS 
%SAW = MLlROb) 
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c DETERMINE THE TEHMINAL NOKM 

C 

CALL F3 

c 

c CALCULATt THE NOW 0). THt  IERMlNAL CONSTKAINTS 

c 

HNN=U r UU 

09 15 3=1PNw 

15 HNN = HNN * HNkW(J)*HN€W(d) 

HNN=USWKT(HNN) 

1TT=ll 

CALL FPRNT( ITT1 

CALL FPLEW ( 1 IT) 

c 

c LVALUATt THt  MAXIMUM NOKM O F  THE. TERMINAL CONSTRAINTS 

c 
iF(lHMAX.hlEeU)Go TU SO 

IF(N1HKUotQeT) HMAXEHNN 

50 CONTlNUt 

HMAX=UMAXl(HMAXeHNN) 

GO T ~ ( 1 0 0 ~ ~ 0 0 ~ 3 0 0 ) ~ K t Y  

100 CONTlNUk 

C 

c NORMAL CORRECTION PROCEDURE 

c 

c EVALUAlt THt  MATRIX AND SET UP T H t  DISSATISFACTION VECTOR 

c 

CALL F4 

, A-13 



150 CONTlNUk 

C A L L  b W N T  ( 1 T l " )  

C A L L  I T E K  

c 

c Ufi;TLHf"lINt Ik CONVEKGtNCE H A S  BEkN ACHEIVEU 

c 
160 HOOL = .lHUt* 

A- 14 



A - 1 5  



A - 1 6  



A - 1 7  



A - 1 8  



A - 1 9  
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PAKAMLTtK N=8 

COMMUN/KPCHl/IPCHvlHMAA 

COMMWN/LtWALN/HNNtHMA%tNTHKU 

c 
c I F  IPCH = 0 REIUKNI POH IPCH Nk 0 THt  I N I I I A L  VALUES O F  IHE 

c 

c UEPGNUtNT VAHIAtJLES, t j tGINNING ANU FINAL TIME, AND THE MAXIMUM 

C 

C NOKM OF THE TERMINAL CUNSTKIINTS 1s PUNCHEO OUT ON CAKOSI 

C 

WHITE(IUNlT, lU0)DkPO 

W K X T E ~ l U N 1 T r l O U ) T O ~ T F  

WKfTE(1UN17~100)HMAX 

HETUKN 

tNU 

A - 2 1  
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20 CQNTlNUt 

A- 23 
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INUkX(K2) = lNLEX(Ki i?)  + 1 

KkTUKN 

END 

A - 2 5  



c 

c 

A- 26 



7 

c 

C 

c 

c 

U E T E K M l N t  THk MAXIMUM NUMtjkK OF CUHVES IO tr€ PLOT 

A - 2 7  



c 
G 1F JPLT 15 L t R O  ONLT THk CURVt  FOR THE CUKHENT LIEHATION IS 

c UESIHLUt O'jWkRWlSE PLWl ALL K 2  CURVES. 

c 
UO 200 I=1tN53oE 

11 = (l+l)/Z 
Lp = -1 
KEWlNO 3 

c 

c; UfrTEKMINt THt PLOTTING BOUNDARXtSr 

C 

A - 2 8  



120 



NP = INDEX(K1 - JP 

A F ( N Y e L T e 1 )  60 TO 140 

NP = MINO(NP,NS) 
ASYM = ISYMH(K1 
UO 135 L=l,NP 

X1L) = SIORA(L@IPK)*SX 
Y(L1 = SIOKA(L,l+I@K)*ST 

135 CONTINUE 

C 

c PLOT ALL U A ~ A  ON THk W M k  GKXD AND IF M U R t  DATA MUST BE REAU FROM 

c; lAPt 3 ** PLOT II ALSO 

C 

1 

140 CON I lNUk 

150 CONTINUE 

c 

G IF THt  VAKIAULET, WEKt SCALEU PRlN’l THE SCALE FACTORS ON THE GRID 

C 

A- 30 



170 

c 
c PLOT )HE HEMAINING GKlUS 

C 

2UU CONTlNUt 

c 

c UETEKMINt IF THlS 15 Ink tNU OF A 308 

c 

KEWlNU 3 

IF(JPLT*kW.U) RtTUKN 

A- 31 
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SUBROUTINE F P R N l ( 1 )  

dOUoLE PHEC I S  I O N  STEP 

IJOU~LE PkECISION S 

J s kv c t i =  I + 5 VJC t ? A- 33 



I 
t f  

A- 34 
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COMMON/CONST/CON ( K O N  1 

DOULLE PRECISION C O N  

.. . . . . 

A - 3 7  



i f  

A- 38 





A- 40 



A - 4 1  



A - 4 2  



A - 4 3  



A - 4 4  



SUBHUUTINE #-6 

PAHAMkTkK N=8e NW=4, KON=rb 

COMMUN/CUNST/CON(KUN) 

UUUt3LE PRECISION CON 

UXMENSION PLACC(4) 

COMMUN/MATRIX/A(NW,NW),H(NO),XF(NO) 

UQUBLE PRECISION A,H,XP 

COMMUN/lNITAL/OtPO(N),TO,TF,EPS 

UOUtlLt PKtCIS ION UkPO,TO,TFtEPS 

COMMON/NUM/5TEP,KEY,KK,PLTl fPLTe~~KO 

UOUBLk PKECISION STEP 

COMMON/COUNl/METH00~11~~I28,Z38 

COMMUN/NkWTUN/CtDEL 

UOUBLt PKEClSION CeUEL 

COMMUN/L~WALN/HNNPHMAX,NTHHU 

UOUBLt P’KkClSION HNNPHMAX 

COMMON/KPCHl/IPCH,lHMA~ 

INTEbtH SWCHvPLI 

10 FOHMAT(lHl,36X,32HMETnvO OF PERTUKBATION FUNCTION 

A 37X,32HTWOmP01NT BOUNUAHY VALUE PKOBLE 

2 0  F O H M U T ( ~ H U , ~ ~ X I ~ D H I N I ~ ~ A L  VALUE OF THE UEPtNUENT WAKIABLES @ / / I  

A - 4 5  



A- 46 



210 

22 0 

230 

240 

c 

t 

C 

c 
c 

THE. FUHMAT STATtMENTS VNDLK 200 AKE FOK OUTPUT 

AKE FOR I N W I  

PL I PL? ? X 

A - 4 7  



A - 4 8  



A - 4 9  



A -  50 



SUBHOUTlNt INTEG 

PAHAMtTtiK N=6 

UOUBLt PKECISION VlNUtUELl  

c 

C M A I N  1NltGRATION H O U I l W e  THIS H W T I N E  UStS A HUN%-KUTY’A 5TARTER 

C 

A- 51 



3 

l U  

II 



IF(1EHRCTeEQaIERR) GO TO 25 

IERHCT = IERRCT + f 

GO TO 35 

2 d  CALL ABAM 
.. 

XN = T2 - VIND 
IF(XNeLEaO.DQ) GO TO 45 

25 

3u 

IERHCT = 1. 

I213 = 128 .. 1 

GO TO 35 

IKEY = 2 
IJELT = STCF 

. _  

A - 5 3  



SUbHOWTINt INTRKS 

.. . . 

UATA l t R K / J /  

T H I S  HUUTINt PEHFOKMS A HUNGE-KUTIA INTkGHATlON 

A- 54 



lU 

CALL F 1  

GO TO 16 

20 

3u 

35 

4 u  

5; 

55 

- .. , . . - . , . - - . . . - 

65 



A- 56 



5 
. .- . . . . - ._ 

SUbt3WTINE ITER 

PAHAI~ETEH N=tr e NQ=4 

PARAMETER NGIl=NU-l P NP=WNQ+1 
- 

COMMON/WIATR I x / A  ( NQ t NQ t ti ( NO XF ( NQ I 

dOUHLE PRECISION AIHPXF 

COivlr~IObl/ I h  I TAL/DEPO ( N 1 t TO v TF t FPS 

UOUliLE PRECISION D E P O ~ T O P T F ~ E P S  

C 

c ~ T H I S  ROUTINE ADdS THE CORRECTION ON THE I N I T I A L  DEPENDENT VARIABLE 

c 

c AND FINAL TIME. 
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-. . L 
- _. __ - - -- 

SUB K &UT 1 NE M I N V dP ( A D N e K P X P J2 8 I 2 1 

C* YATHIX INVtKSION ROUTINEmFORMULATED BY Eo Go CLAYTON t- 

__ - C** s_- CALLING SEQUENCE -1- 

C** * *  A--SQUAHE A R R A Y  (DoUULE PRECISION) CONTAINING ORIGINAL MATRIX 

C**** N--ORDLh OF O R l G I N A L  MATRIX 

C**** €--TEST CRITERION FOR EJEAR ZERO DIVISOR (DOUBLE~PRECISIONI 

.- - 

- - - - - - - - __ - 

C * * *  

c * *  

c* 

c* 

C* 

C *  

C *  

A- 58 
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. .. . 

. - -- K--LOCAIIOl\r FOR SINGULARITY OR ILL-CONDITION INDICAT-OR 

t<=O =)  MATRIX NONSINGULAR, 

K=l = I  M A T R I X  SINGULAR -COR ILL-CONDITIONEU) 

irOUi3LE PKECISION APXPBIGA~DXV ,E 

OIMtNSION A ( N P N )  rX(N) P J ~ ( N )  ~ f 2 ( N l  

O A T A  E/.lU-17/ 

INITIALIZATION 

IGN 

t t=O 

12(1)=U 

J2(l)ZO 

3Eb1id CUMPUTATION OF THE INVERSE 

do 15 LrlrM 

LlzL-1 

HIGA=DeOIJO 

LOOK FOK TtiE ELEMENT OF GREATEST ABSOLUTE VALUEPCHOOSING 

ONE F R O k  A HOvJ Alqd COLUMN NOT PREVIOUSLY USEJ. 

00 5 I = T P M  

;o i IJ=l,L1 

IF(T-62(13))lr5~1 
. - .___. . . .- 



. ._ . . _____ 

Il=I 

Lc C O N T l N U C  

rS C O r d T i N U E  

c* T A G  THE hOinl AND COLUMN FROM WHICH THE ELEMENT IS CHOSEN. 

J2 ( 1- 1 =J X 

12 ( L I  =I P 

i) I V = A  ( I 1 r J 1 1 

c* TEST ELEMENT A G A I N S T  LEfiO CRITERION. 

IF(3U8S(UIV)-E)221,22lr~ 

1lr LOidTINUk 

11 COtJTINUt A- 59 



i i  

A-60  

- 



RETURN 

END 
~ . . . . _._ __ - 

A - 6 1  





GO TO 300 

C STtrPEO-t5tfA TECHNlQUE 

t0 TO 500 

C VAK1ABLE"ALPHA IkCHNIQUfi 

A-63 



3 .  FLOW CHARTS 

r 

A-64  



A-65  



A-66  



A - 6 7  



A-68 



\ 111 

A - 6 9  



1 

A - 7 0  



WRIm(6,lSlO) 00 '10 1000 

KQNP.W .KK a R 

A-71 



 AT^ 2 



A - 7 3  



_- I 

A - 7 4  



\ . 

U 

P 

1 

A - 7 5  



! 

r 
C O T 0  
130 

AYES 
AA 

YS.LT.El 

A-76  



-. 

N 
U 

f 

A - 7 7  



REPEAT To 30 
IFIXrFIX FIXsFIX+FITz 

A - 7 8  



~ O O ' I D  
P 1 M g V A U s  TRANyrgR 
aP JSWCH 'ID 

IS m 
1 90 
2 100 
3 $0 
I 120 
5 90 
6 I30 
'I IS0 
B 140 
9 150 
10 150 
11 115 
12 110 
13 $0 
14 180 
15 90 
IS 190 
11 90 
18 200 
19 90 
20 210 
21 90 
22 220 
23 90 
24 190 
25 90 
28 110 

131 

A - 7 9  



A-80  



-. 
222 

CWT I St& M x) 93 

A - 8 1  



A - 8 2  



. I  

A - 8 3  



A - 8 4  



A-85  



\ 

A - 8 6  



A - 8 7  



A-88  



I 

I . 

A - 8 9  



A-90 



A - 9 1  



\ 
, 

/i S\ 
LTHL.oP. JERR Jw..W .4 .AND. JtM .NE.? 

14-92 



A - 9 3  



E J. 

I 

I: *I 

A - 9 4  



A - 9 5  



/,.r 

/ 
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A - 9 7  
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r 

A-99 
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4. SAMPLE INPUT e .  

I I_ 



---- 



5 .  SAMPLE OUTPUT 

lvttTfi00 OF PERTURBATION FUNCTIONS 

T\vO-POIFdT BOUNDARY VALUE PROEjLEM 

1 1 4  i T 1 A L  VALUE OF THE DEPENDENT V A R  I AE3LES 

.i 
3 e 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
5 - . 1 9 o o u 0 o ~ o o o o o ~ o o + 0 o 1  6 .oooooooooooooooo 
7 -.494b446u99999999+000 8 -e1078562500000000+001 

. 0 0 0 u u 0 0 c) 0 0 0 0 0 d o  l! 

. 1 0 0 0 ~ 0 0 0 0 0 0 0 0 ~ 1 u 0 + 0 0 1  4 
2 e10000000u0000000+001 

ULSIHEi'3 VALUE5 OF THE TERMINAL VARiABLES 

I . o 0 o ~ a o o u 0 o o o o o o o  2 a8101272799999999+000 
2l e1523679300000~O~+OU1 4. e 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

THE IIdITItsL TIME INTERVAL 
F t \ U i v l  eooocuoouoooooooo / TU e3319486499999999+001 

Tt4E i ~ ~ J T E G t ~ / l T i O ~ 4  STEP SIZE IS e3000000u00000000-001 

THc MAXI iJ IUi4 NUMBER OF ITERATIONS ALLO~EL! IS 25 

T i i t  A C C W A C Y  Ht lWIkEiD FOR TERFrINATION 15 ~150000000000UOOOgO05 

Tt-k I\1WIUtH O F  i IEFii4TIONS WITH THE AOAMS-FAOIJLTON CORRECTOR IS 2 

tVLt3Y 5Ttt POIfJT WILL BE PLOTTED FOR EACh 5TH ITERATIOh 

ITERATION EVknY OTd POIidT $$ILL RE PRIhUTED ON EACH 

PRINT cGI.ITHoL SWITCH = 1 

PUNCH CONTROL ShlITCH = 0 

NBRMAL CORRECTION PROCEDURE 

IC S P E C I A L  LMPUT CONSTAIdTS AND THEIH IOEIJT F I C A T  ONS 
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1 t - k  UEPtNL)EhT VARXABLES AT TIME z ~0000000000000000 - 

a 0 d 0 0 0 0 0 0 0 0 0 0 00 0 I) 
a 1 O O U O O O O O O O O O 0 O O + O O 1  
.1Ououooooooooooo+ou1 
m O U U U U O O O O O O O O O O Q  

-*100(J~00000000000+001 

-m494~446U99999~99+000 
- e  1 O7ti562SOOOOOOO O+OO 1 

e O i) O O (1 O U U I] O U 0 O 0 0 U 

1 2  .owoooooooooooooo 
2 2  .ouoooooooooooooo 

e0000000000000800 
.ouooooouuooooooo 3 . 2  

4 2  
5 2  .oooooooooooooooo 
6 2  .1u00000000000000*001 
7 2  .uooooooooooooooo 
8 2  .oooooooooooooooo 

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

.oooooooooooooooo 

.oooooooooooooooo 

.oooooooooooooooo  

.oooooooooooooooo 

.oooooooooooooooo 

.oooooooooooooooo  

.ouoooooooooooooo 

.1000000000000000+001 

I H c  LIEl’thL)EP*T V A t i I A G l L S  AT TIME = r331Y4d6499999999+001 

1 2  -e1394670731OO0021+001 
2 2  -r1663971775&31036+001 
3 2  a2795203649501503+000 
4 2  -e1981448782912016+001 
5 2  q4169080799384614+001 
6 2  ~ ~ ~ J O O O O O O Q ~ I O O O O O O + O O ~  
7 2  -r3660097934044046+001 
0 2  e7973314319544971+001 

I 4  e2390304718702410+001 
2 4  e1344724990351260+001 
3 4  e1572919107827973+001 
4 4  r1~55845270113698+001 
5 4  c2039032539623578+000 
6 4  ,0000000000000000 
7 4  -r5954886874401262+000 
8 4  -,395~96i594593700+ooi 

T 1 ~ ; i  AT COtiPLETION OF FORrdARD INTEGRATION 15 2 r  5220 
tLAPSE3 TIME #AS 2.4050 

TtiE IJOHbi OF THE T E R M I N A L  CONSTRAINTS .1451390103895012-0~6 
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THE C ~ R R E C T ~ O P : S  AT THE 3. TH ITERATION 

A e4~63~1384235715e-025 2 -e3051449300367?58-008 
3 -e4709508566341746-007 4 .3835?5778g522355-007 

THE F I N A L  T IME IS 2,6470 

A-105 



Yfi iHOU OF PERTURBATION FUI\ICTIONS 

lJVD-POIIdT BOUNDARY VALUE PROBLEM 

I t v t T I A L  WALC~E O F  TtlE DEPENCENT VARIABLES 

0 11 0 0 0 0 0 00 I) 0 0 0 i) 0 I) 2 .1d00000000000000+001 
0100u000000000000+001 4 e O O O O O O O U O O O O O O O O  

-.100~000OOOOOOOOO+QO~ 6 *0000000000000000 - 494B446399999999+000 a -~1~78562500000000+001 

WSIKEL) VALUES OF THE TERMINAL VARIABLES 

e O O O O O O O O O O O O O U 0 C  2 *8101272799999999+000 
~15~5679O~OOUOOOO+OO1 4 *oooooooooooooooo  

THE 1 N I T I A L  TIME INTERVAL 
e u I) 0 b i) 0 0 u 0 0 0 0 0 0 0 0 / TO e3319486499999999*001 

f t l t  l tuTEGI- iATlO!d STZF SIZE I S  ~ 3 O Q O O O O O O O O O O O O O ~ O O 1  

7 ’ H r  A C C U d A C Y  Rt-wUIHED F O i i  TERMINATION I S  *1000000000000000~005 

T~IL I’dCIILi jikk O F  I TERATIOfUS bITH TkiE ADAMS-MOIJLTON CORRECT3R IS 2 

EVtriY 5rt-1 POfrdT irvIlL BE PLOTTED FOR EACH 5TH ITERATION 

PRINT CONTROL SWITCH = 1 

PUNC’i C O N l R O L  SWITCH = 0 

c =  e 5Li ti 00 Ir I) 0 0 0 0 11 0 0 I! J + O  0 0 DEL = *1000000000000000+000 

4 SPECIAL INPUT CO~STANTS AND TMEIZ IDENTIFICATIONS 

A - 1 0 6  



dEGIluPJIFjG THE 1 TH ITERATION 

ELAPSED T I M E  WAS 
1 IME A T  Ttlk COMMENCEMENT OF FORWARO INTEGRATIOtd IS ,1190 

_. . _  _ _  _ -  THE I)EPEIWENT VARIABLES AT TIME = 0 0000000000000000 _ _  _ _  

1 1  .ouoouooooooOoooo 
2 1  . 1 0 0 ~ 0 0 0 0 0 0 0 0 0 0 0 0 + 0 0 1  
3 1  .100~000000000000~001 
1.c 1 .0000000000000O00 , 

5 1  -*1000000U000000U0+003. 
6 1  .0000l.)o000oOUO~oO 
- 7 1  -*4948446d99999999+000 
d l  *.1078562500000JO~+001 

1 3  
2 3  
3 3 '  
I t 3  
5 3  
0 3  
7 3  
6 3  

.0000000000000000 

.000000000000000u 

.oooooooooooooooo  
O U O O O O O O O O O O O O O O U  
n u o o o o o o O o o o o u ~ o o  
.ooOoooouoooo0ooo 
e 1 U O O O O O O O O O ~ O 8 O O + O O 1  
eoooouoooouoooooo 

1 2  
2 2  
3 2  
4 2. 
5 2  
6 2  
7 2  
8 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

.0000000000000000 
00000000000000000 
. oooooooooooooooo  
.oooooooooooooooo 
.ouoooooooooooooo 
.1000000000000000+001 
~ O O U O O O O O O O O O O O O O  
00000000000000000 

.0u00000000000000 

.oooooooooooooooo 

.oooooooooooooooo 

.0000000000000000 

.OUOOU00000000000 
r O O O O O O O 0 O O O O O O O O  
eOOOO0ODOOOOOOOOO 
.1d00000000000000+001 

THE UEPEiUDEIdT VARIAbLES AT TIME = .3319486499999999+001 

1 1  ,l~40U51529213354-006 
2 1  .6101273411074560+000 
3 1  .1523b7907469531$+OUl 
3 1  .24.90447265702352+0Ol 
3 1  - 7 11 8 565 185737861 +O U 0 
0 1  ,0000u00000000000 
7 1  .75d4227~19400~43+000 
b 1  -.6742203751794457+000 

1 3  .5272719904312362+0Ol 
L 3  .0285599236809059+000 
3 3  .483r814651829563+001 
# +  3 .1493~60241952366+001 
5 3  .3005228841106784+001 
b 3  .00u0000000000000 
7 5  -m30U9761~O5147651+001 
3 3 ~m15337756694074~1+001 

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

-v1394670731000021+001 
-~1863971775431036+001 
e27'95203649501503+000 

-.1381448782912016+001 
.4169080799384614+001 
.1000000000000000+001 

~e3660097934044046+001 
.79733143195449?1+001 

1 4  .2390304718702410+001 
2 4  01344724990351260+001 
3 4  e1272919107827973+061 
4 4  01455045270113698+001 
5 4  .20390325396235?8+000 
6 4  . oooooooooooooooo  
7 4  -eS954886874401262+000 
8 4  -03954961594593700+001 

TIME A T  COMPLETION OF FORWARD INTEGRATION IS 2.5160 
ELAPSED TIME WAS 2 o 3990 

THE TERMINAL CONSTRAINT WECTO3 

1 sa340~51529213354-OOg 2 e61a0745605992528-009 
3 87469531819377861-007 4 sooooooooooooooo0 
THE iVi)KM OF THE TERMINAL CONSTRAINTS o1651390%03895012-006 
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THE A MAYRIX 

t .  

i 1  -.1394670731000~2~+001 1 2  *5272719904312362+001 
2 1  -01863971775431036+OUl 2 2  a8285599236809059+000 
3 1  o27952036495015O3+000 3 2  a4832814651829563+001 
$ 1  o1000u00~0000000~+001 4 2  *oooooooooooooooo  

1 3  2390.5 U 4 7 1870211 1 0 9 0 0 1 1 4  -a1393234470670404+000 
d 3  .134472499035126O*001 2 4  a1238553480234650+000 
3 3  e1272919107827973+O01 3 4  *1340051529213354-006 
3 3  e O U U O O O O O O O O O O O O U  4 4  *0300000000000000 

7" H t F I< A C T I 0 f d  A L C 0 I7 R E C T 1 0 N CONS T ANT ~ 5 O O O O O O O O O O O O O O O + O O O  

T H l 5  IS THE 1 T t i  ATTEMPT TO CORRECT FROM THE 1 TH ITERATION 

Ttttl CORRECTIONS AT THE 1 TH ITERATION 

1 a21316~69L1178569-U25 2 -*1525724650183879-O08 
3 -ar3547542HJ170873-007 4 a1917878893261177-007 

THE FI idAL TIMF IS 2.6840 
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METHOD OF PERTURBATION FUfJCTIOiJS 

T'NO-POI~VT BOUNDARY VALUE PROBLEM 

I I J I T I A L  VALUE OF THE DEPENDENT VARXABLES 

-1 cl o 0 u o o uo o a oooo o o 2 91000000000000000+001 
3 - e 1 ~ O O O O O O O D O O O O O O + ~ O 1  4 e O U O O O O O O O O O O O O O O  
5 -e1ooooooooooooooo+oo1  ' 6 eouoooooooooooooo 
7 - e 4 9 4 6'4 Y 6 i) 9 3 9 9 9 9 9 9 + 0 0 0 8 -91d78562500000000+001 

UtSIHSD 'dALUE5 OF THE TERMINAL VARIABLES 

1 *u000000000000000 2 e8101272799999999+000 
3 8 1 5 2 3 ~ 7 9 0 0 0 0 0 0 0 0 0 + 0 0 1  4 eOUOOOOOO0OOOOOOO 

THE I N I T I A L  TIME INTERVAL 
F H V N  .oooOoooooooooooo / TO .3319486499999999+001 

T I E  INTEGHATION STEP S I Z E  IS ~3000000000000000-001 

THE M~xlMUrvl NUMBER OF ITERATIONS ALLOWE0 I S  25 

Tt jL  ACCURACY l ? t W I R E D  FOR TcRivlIPlATION I S  ~1000000000000000~005 

T& NUMuER CiF IT'ERATIONS WITH THE ADAMS-MOULTON CORRECTOR IS 2 

EVERY 5Tl-t POLAT WILL BE PLOTTED FOR EACH 5TH ITERATION 

t V t r i Y  OTtI POI!.iT +JILL BE PRINTED ON EACH ITEHATIOh 

PUPKr.1 CONTROL SWITCH = 0 

MINIMUM NORM CORRECTION PROCEDJRE 

ALPrIA = .2uoooouoooooooOO+ooI P =  .20000000O0000000+001 
. VARIABLE ALPHA PROCEDURE 

'i SPECIAL INPUT CONSTANTS Ani0 THEIR IDE1dTIFICATIONS 

6 R A V I TAT 1 O N  I ~ L  c ONS T ANT 
I N I T I A L  MAS5 
MASS FLOk RATE 
THHUST 

A - 1 0 9  



i Id€ AT T t i k  COMMENCEMENT OF FORWARO INTEGRATION IS o 1230 
LLRPSEO TIME WAS m 1230 t >  

THE UEPLIWEI\JT VARIABLES AT TIME =: ooooooooouooooooo 

1 1  0 0 000 0 0 0 0 0 0 0 If 0 u 0 0 
d 1  e 10 0 U U (1 0 000 00 0 0 0 O + O  0 1 
3 1  e 1 O 0 O U O O U O O O O O O O ~ + O U l  
* 1  . u u o ~ o o o u o 0 o o o o o o  
5 1  - .1000u00000000000+O01 
u 1  .0000000000000000 
i i  - e 4 ? 4 Li 4 !+ 6 0 9 9 3 9 9 9 9 9 + 0 U 0 
u 1  ~o10785625OOOOO~~O+OU1 

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
a 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 Y 

00000000000000000 
00000000000000000 
.0000000000000000 
.0000000000000000 
00000000000000000 
.1ooooooooooooooo+oo1 
.000Q000000000000 
00000000000000000 

.0~00000000000000 
aoooooooouooooooo 
00000000000000000 
00000000000000000 
00000000000000000 
00000000000000000 
a0000000000000000 
.1000000000000000+001 

'fc-It Ut iPt lWEIIT VARIABLES HT TIME = a3319486499999999+001 

i 3  
L 3 
$ 3  
4 3  
3 3  
0 3  
I 3  
d 3  

1 2  -o1~94670731000021+001 
2 2  -o1~6397177!5431036+001 
3 2  o2795203649501503+000 
4 2  -o1981448782912016+001 
5 2  o4169080799384614+001 
6 2  .100u000000000000+001 
7 2  -e3~6009?934044046+0Ol 
8 2  a7973314319544971+001 

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
0 4  

.2~903047ia7024io+ooi 
0134472499O351260+001 
0127291910782797f+001 
e1455845270113698+001 
*2039032539623578+000 
00000000000000000 

-05954886874401262+000 
~~3954961594593700+001 

T i i v t t :  A T  COCPLETION O F  FOHhiARU INTEGRATION 1s 2.5240 
LLAPSEI? TIME WAS 204010 

l ' i E  TE;?MII\IAL CONSTRAINT VECTOf? 

A .1~40U51529213354-006 2 o6110745605792528-007 
3 o74695318173778~1-0n7 4 oouuooooooooooooo 
i t iE , u W M  GF 1 HE TEilMII\JIL CONSTRAINTS ,1651390103W95012-006 

A - 1 1 0  



THE A M A T R I X  

a 1  - e 13946707310 00021+001 1 2  052?29199043f2362+001 
2 1  -.1863971775431036+0Ol 2 2  08285599236809059+000 
3 1  
4 1  ~1000~0000000000~+001 4 2  00000000000000000 

e27952036495015~3+000 3 2  o 4 8 3 28 a 46 5 1 Ci 2 5 563 * 0 0 1- 

i 3  .2390304718902410+001 1 4  ~e6~932344706~0404+000 
L 3  *1344724390351260+001 , 2 4 o1238553480234650+000 
3 3  .1272919107827973+001 3 4  o13400515292%3354'006 
4 3  ~ ~ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  4 4  0O O O O O O O O U O O O O O O O  

THE A * A  MATRIX 

rl .194928ab5858005S+O02 1 2  -e7547250320084354+001 
2 1  -.7547250320084354+001 2 2  e1~55325525862011+003 
3 1 .  -~54844l06435049~8+001 3 2  e1986937461795605+002 
L / 1  -.3655~5017283256a-00 4 2  wr631991287.1599335+000 

i 3  -,54~441O~43504918+001 1 4  -e3655250172832569n001 
L 3  .1986937461795605+002 2 4  m*6319912871599335+000 
3 3  .27426495n~899931+002 3 4  -*1b64739406967066+000 
4 3  -~1664739Y06967066+000 4 4  01042535104100221+000 

Tiit; CORRLCTIONS AT THE 1 TH ITERATION 

I ,4079~975~80~9467-008 2 -*4921214232811461-008 
3 -.i~39~609~a720785-007 4 ~60~4170665702625~~07 

*************A*** CONVEHGEriCE 1445 BEEN ACHEIVED ****************** 
THE FIPJAL TIME IS 2,7369 

A-111 



?ltTf.iOU OF PERTURBATIOiPJ FUNCTIONS 

TNO-POI?!T 8 0 c i t J ~ ~ R Y  VALIJE PROBLEM 

.__ 

I I i 1 T I  AL VALUE O F  THE DEPENDENT VARIABLES 

Q ~ d ~ u ~ o O d o ~ ~ o ~ ~ O ~  2, . 1 ~ o o o o o o u o o o o o o o + o o 1  
,lu00000~00000~00+Q01 4 .oooooooooooooooo 

-.1o0ouoOooooOoooo+o01 6 .oooooooooooooooo 
-,5958745279999999+0UO 8 - *8628515199999999+000 

DE-SIHLU VALUES OF THE TERMINAL VARIABLES 

THE lNXTIAL TIME INTERVAL 
e (J 0 0 Cr ii 0 0 u 0 0 0 0 0 0 0 0 1 TO .3319486499999999+001 

Tr-iC INTEbrtATiO.?d STEP S I Z E  I S  ,3000000000000000-001 

T H t  ~ ~ A x I M U : Y  NUMLiCR OF ITERATIONS A L L O ~ U  I S  25 

T ~ I L  A C i W A c Y  KLOUIr(ED FO:< TERPiII\IATION 15 . i ~ o o a o ~ ~ ~ ~ o o o o o o - o o ~  
T i k  W A ~ E H  O F  XTEKATIOMS w ITH TkiE ADAMS-MOtJLTOh CORRECTOR IS 2 

L V t t ( Y  Sri-i POINT WILL 3E PLOTTED FOR EACH 5TH ITERATION 

tVEkY OTt-i POIr'JT WILL r;E PRIhTED ON EACH ITERATION 

PHINT CONTROL SWITCH = 1 

PUNCH CONTROL SMIITCH = 0 

PlI,RIIMUM NORM CORRECTlON PROCEDJRE 

W AK I k L E  ALPHA PROCEDURE 
At-I'tlA = . L O U O O O U 0 0 0 0 0 0 0 ~ 0 + ~ 0 1  P =  .2ooooooouooooooo+oo1 

4 W E C I A L  INPUT COrdSTANTS AND THEIR IDENTIFICATIONS 

A - 1 1 2  



~ E G I N N I N G  THE 1 TH ITERATION 
TAME AT TI-E COMMENCEMENT O F  FORWARD LNTEGRATTON IS e1240 

ELAPSED TIME WAS o 1240 

THE DEPElvUENT WARPAULES AT TIME = eoooooooooooooooo . ._ 

1 1  
2 1  
3 1  
4 1  
5 1  
t 3 1  
7 1 
d 1  
_. 

. o o o o o o o o o n ~ o o ~ o u  
e 1 O O O O O O D O O O O O O O O + O O 1  
.1ooooouuoouooooo+o01 
a u 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

-.1000000000000a00a001 
.u000000000000000 

-.3958745L79999999+000 
-~862d515199999999+000 

1 3  
2 3  
3 3 -  
4 3  
5 3  
6 3  
4 3  

,0000000000000000 
.0000000000000000 
~U0UGO00U00000OOO 
.0000000o00000000 
00000000000000000 
.0000000U00000000 
.1u00000000000000+00f 
. u 0 0 0 ~ 0 o 0 0 0 0 0 0 0 0 0  

1 2  eOOOOOOOOOOOOOOOO 
2 2  00000000000000000 
3 2  D0000000000000000 
4 2  .oooooooooooooooo 
5 2  .ouoooooouooooooo 
6 2  e1OOOOOOOOOOOOOOO+OO1 
7 2  .0000000000000000 
8 2  .oooooooooooooooo 

4 
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

e O O O O O O O O O O O O O O O O  
.0000000000000000 
.oooooooooooooooo 
.oooooooooooooooo 
eOOOOOOOOOOOOOOOO 
e O O O O O O O O O O O O O O O O  
.0000000000000000 
*1000000000000000+001 

THL OEPENDEl,iT VARIABLES AT TIME = .3319466499999999+001 

1 1  .439~13J793683166+00D 
L 1  .9030159840681569+QOO 
5 1  .1826485034993032+001 
4 1  02695180469031795+O01 
2 1  -.5862242214022068+000 
b 1  .0000O0000O000000 
'7 1 .3672-?94036554746+000 
t3 1 -e1435088556299252+001 

1 3  .Y208285722259291+000 
2 3  -.1292596787507494+000 
3 3  .893393376139~381i000 
4 3  
5 3  .7301358b83896568+000 
0 3  0u000000000000000 
7 3  -020672~5202548250+O01 
6 3  -02502866970053362+~O0 

e 2 24 5 4 1 3 9 2 7 9 0 7 7 3 3 + 0 0 0 

1 2  05699911572726967+000 
2 2  -*2769863623328869+000 
3 2  01335177230850690+001 
4 2  -e6300583362142748+000 
5 2  .3273930891986523+001 
6 2  .10000000O0000000+001 
7 2  -e2314215594421436+001 
8 2  e7048535636381724+001 

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
9 4  
8 4  

01337858902226654+000 

-e2445348688635943+000 
e3?75375111605853+000 

-e2421948794618864+000 
.oooooooooooooooo  

-e6984550113388558+000 
-e2&68997681268256+001 

r1~4125?999600308+000 - 

Tii,.lt A T  COPiF~LETION OF FORWARD INTEGRATION IS 2.5240 
ELAPSEG TIME %AS 2 e Y O O O  

rHE TERMINAL CONSTRAINT VECTOR 

i e43931.337Y9683166+000 2 e9288890406815695-00a 
3 e3U33ObO349930329+OOU 4 eoooooooooooooooo 
ThE [dO>HM O F  THE TERMINAL CONSTRAINTS .541866319331~779+000 

A-113 



THE A MATKIY 

I 1  
2 1  
- 3 1  
3 1  

i 3  
r 3  
3 3  
4 3  

A 3  
i 3  
3 3  
‘i 3 

e569~411572726967+000 1 2  ~9208285722259291+000 
-.2769G63b23328369+00o 2 2  -e1292596787507494+000 

e10351772308506~0+001 3 2  08933933781390381+000 
.1000000000000300+001 4 2  00000000000000000 

.1337t358902226b54+000 1 . 4  e1005183228839424+000 
,134i2579y96003~8+000 2 4  -03654140383864541-001 

- *  LY4SS4Hb08635343+00U 3 4  e4593133799683166+000 
,ooooLlooooooooooo 4 4  .ouooooooooooooo0 

THE A * A  M A T R I X  

o74f460979U677~31+001 1 2  01485487794988623+001 
,lud548779498852j+001 2 2  04988355156243217+001 

-eL14U31171~t27?947+000 3 2  -o1126090201041422+000 
.5221832338627916+000 4 2  04897631384566236+000 

-,21uuJ11714277047+UOO 1 4  0522183233d627916+000 
-.112~~90201041422+000 2 4  *4d97631384565236+000 

~287057OYOlB317~6+OU0 3 4  -09~88065147137800-001 
-.9b%E065147137300-001 4 4  .6133063597472582+000 

THE CoRRECTIOhiS AT THE 1 TH ITERATION 

1 - *4~2120la14654489-001 2 -010S2090398174694+000 
3 ~ v 1 2 5 9 ~ ~ 2 U 5 8 0 1 4 5 1 ~ t O O O  4 -v18’+0721347124976+QOO 

A-114 



THt iJEPEfdIEi'\rT WM?IABLES AT T IME = 50000000000000000 

1 3  
L 3  
3 3  
Q 3  
5 3  
0 3  
7 3  
a 3  

.uoooooouoa0O0oou 

. 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 ~  
00000000000000000 
u 0 0 0 II 0 0 u 0 0 0 0 0 0 0 n 

.000UOOOUOQU00000 
o ~ O 0 U O O O O O U 0 0 O O ~ G  
P1ouOuoooooOooooo+oo1 
.0000000000000000 

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
a 2  

3 . 4  
2 4 
3 4  
4 4  
5 4  
6 4  
7 4  
a 4  

.OUOd000000000000 
00000000000000000 
0ouoooooouooooooo 
.0000000000000000 
50000000000000000 
e1~000000U0000000+001 
.00000000o0000000 
eouoooooooooooooo 

.oooooooooooooooo 
P0000000000000000 
e0000000000000000 
e0000000000000000 
.0000Q00000000000 
.oooooooooooooooo 
.0000000000000000 
.1o00000000000000+001 

T H t  uEPthOEPiT VARIABLES AT TIME = Q3135414365287502+001 

1 1  e 199487 3 188 0 2 179 0 + 0 0 0 
L 1  . 9 11 2 0 4  94 Y7b662636+ 0 0 0 
3 1  .1574107t334433610+001 

5 1  -.~326715XS3b27~85+000 
0 1  -.4221201814b54589-OOr 
7 1  .?990421600745388+000 
?J 1 -i1125205b576?6754+001 

. t J .  o2535181755024~3~+0Ul 

1 3  
L 3  
3 3  
4 3  
3 3  
0 3  
7 3 
d 3  

1 2  .1~3842162197&655+000 

3 2  *8475395073996991+000 
4 2  ~a8509029900726967*000 
5 2  ~4002&54537931061+001 
6 2  .1000000000000000+001 
7 2  -e3324284777156963+001 
0 2  e674550b161216616+001 

2 2  -e5~8078442d607843+000 

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
? Y  
t i 4  

TiME A' I  C O W L E T I O N  OF FORWARD INTEGRATION IS 5.0620 
ELAPSE2 TIM& dAS 2 o 3270 

ThE TEKMINAL CONSTRAINT VECTOH 

THE IpJORI'/l O F  THE: TERMZrd!'+L CONSTRAINTS ,2292810639409694+000 

A-115 



THE A M A T R I X  

1 i  .12j~421621978655+000 1 2  03032372083904383+001 
i 1  -0508U7a4428607U43+000 2 2  ~e1148433650501800eO01 
s d .  Qb475395~73996991+000 3 2  e2~93751399111466+001 
4 1  * 10 0 11 u 0 0uo 0 00 0 0 0 O+O 0 1 4 2  80~00000000000000 

L 3  e~555663550487180+000 1 . 4  e734972747177657lw0O2 
d 3  e 3660~~47515889093+000 2 4  e3494073635103525-001 
5 3  .2953189656545785+000 3 4  ~1~948731~8021790+000 
4 3 *ouool. loooooouoouO 4 4  00000000000000000 

THE A * A  M A T R I X  

i 1  ,2705032179369647+001 1 2  e2833939U94608047+001 
r 1  .2d33939U946U8047+001 2 2  e2386042090763186+002 
3 1  e3444831547342279+001 
4 1  .1522309551337U57+000 4 2  *5991525451245235+000 

I 17 U L 52 36 18 136 ti 0 7 + (1 0 0 3 2  

i 3  .17~2523~1313~d07+000 1 4  el5223O9551337057+000 
d 3  .J44483ls4734227V+OOl 2 4  e5991525451245235+000 
3 3  07799198582874405-001 
+ 3  .7794198582874405-001 4 4  e5577649987030418-001 

* 1294. b 0 3 97 4 50 57 0 4+ 0 0 1 3 4  

THE CLIRSECTLONS AT THE 2 TH ITEKATION 

A ,334U495839818058-001 2 -el69263505d238253-001 
s -.i291U77692269256+000 4 o6950028160102317-~02 

A-116 



MEGINNING THE 3 TH XTERATIOiJ 
TIME AT TtiE COMMENCEMENT OF FORWARD I ~ J T E G R W T I O N  IS 5,2720 

ELAPSE13 TIME WAS 82100 

I H E  LJEPENDEN'T VARIABLES AT TIME = *ooooouoooooooooo  - 

I 1  
2 1  
3 1  
4 1  
3 1  
0 1  
7 1  
6 1  

1 3  
2 3  
3 3  
+ 3  
3 3  
0 3  
'7 3 
b 3  

0 U (J 0 0 U 0 0 0 0 00 00 0 0 0 
* 1 oouo 0 ouo 0u00000+001 
0 1001, oooOooooouoo+o 0 1 

- .1000000000000000+001 
-.~807U59748364503-002 
-.518009918399e519+000 
-.111708249502A377+001 

- . o o o ~ o o o O o o o o o u o o  _ .  , 

. 0 0 0 0 ~ 0 0 ~ 0 0 0 0 0 0 0 0  
*000DOOOOOOUOOU00 
.oooobooooooooo0o 
eoooooooooooooooo 
. 0oooooooooo0oooo  
.ooouooo0oooooooo  
. 1 O O O O O O O O O O O O i I O O + O O 1  
*OuoooooOoouoouoo 

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
0 4  

.0000000000000000 

.0000000000000000 
00d00000000000000 
* o o o o o o o o o o o o o o o o  
00000000000000000 

.oooooooooooooooo 

.oooooooo0ooooooo 

Q ~ ~ ~ ~ ~ ~ ~ O ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  

,0000000000000000 
,0000000000000000 
~0000000000000000 
.ouoooooooooooooo 
.0000000000000000 
00000000000000000 
.oooooooooooooooo 
.1000000000000000+001 

THE OEPENDEbiT VAHIAFjLES AT TIME = *3142364393447604+001 

i L  -.923125237245?258-001 

a 1  .143~023206b40370+001 
4 1  .23,42897200439062+001 
5 1  -.727~?64344283806+000 

't 1 ,7665687371058279+000 
d l  -,415648b732513994+000 

2 1  .731453bU0614e396+000 

t 1  -,~807o5974a364503-0o2 

i 3  
2 3  
3 3  
4 3  
5 3  
b 3  
7 3  
i 5 3  

.250h134205968545+001 . 70461 1231~+965u39+000 

.2229557687920515iOOl 

.7633571649328466+000 

.1183326975107175+001 
* o o o o u o o o o o o o o o o o  

-~15764509~5521?66+001 
-81588649U34731488+O01 

1 2  -e1Y152027935447~3~002 
2 2  -o2156658372477752+001 
3 2  .1248192371447132+001 
4 2  -e1493078999043401+001 
5 2  e5136398369717176+001 
6 2  e1000000000000000+001 
7 2  -e4&24380985158326+001 
8 2  ,6792843686655758+001 

1 4  e6042705845667370+000 
2 4  e1377479392436861+001 

4 4  e9159246240451239+000 
5 4  -~9616730132444799+000 
6 4  e O O O O O O O O O O O O O O O O  
7 4  e5337697539689575+000 
8 4  -e3584841440136115+001 

3 4  -.1614446324450156+000~ 

TWL A r  COWLETION OF F O R ~ ~ A H D  INTEGRATION IS 7r6000  
ELAPSED TIME WAS 2 o 3260 



THE A MATRIX 

I :  

1 1  
2 1  
3 1  
i i l  

i 1  
L 1  
3 1  
4 1  

1 3  
,- 5 
J 3  
4 3  

i 
.5 

-ei315202793544773-002 1 2  e2508134205968545+001 
-,215665U372477752+001 2 2  e7548112314969139+000 

e2229557687920515+001 e 124t3 1 92 3 7 3 4 4 7 1 32 + 0 0 1 
~ 1 O O G U O O O O O U O O O O O + O O 1  4 2  e O O O O O O O O O O O O O O O 0  

3 2  

. b ~ 4 ~ 7 0 5 S 4 5 6 6 7 3 7 ~ + 0 0 0  1 .4 -e2725628931284872+000 
e13774?9592436Y61+O01 2 4  e134273198?234617+000 

-.16144463244501~6+000 3 4  -e9231252372457258GO01 
00000000000000000 4 4  ~ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

THE A * A  MATRIX 

,~29~652~50709~~99+0Ul 1 2  e1259581149225245+001 
e1259~a1149225245+001 2 2  elS53053245803726+002 - 3 173 ti 6 1 161 6 0 53%+ 0 ti 1 3 2  e212650454~314416+001 

-e4044467506499U74+OO0 4 2  -e7948031539454608+000 

-e3173U611616053~6+Ou1 1 4  ~e40444673ti6499074+000 
i 126504S483 141t Itj+ 0 0 1 2 4  -e7948U31539454608+000 
.26 3 3 5 7 964 48 1 2 99 1 + 0 0 1 3 4  e3~16018689905522~001 
.551601b6d9905522-001 4 4  e1160392091104279+000 

TtiE CORRECTIONS AT THE 3 TH ITERATION 

e39775449W0233116-002 2 e2975532391312685-OOl 
e3768163145842494-O01 4 e1236594694984688-OOl 

A - I 1 8  



t 3 E G I f J N I N G  THE 4 TH ITEHATIOiJ 
7 X M E  AT THE COMMENCEMENT O F  FORWARD ~NTEGRATSON IS 7@808b 

ELAPSE2 T IME WAS 02080 

- - THE UEPEhDEhT VARIAt3LES AT TIME = 

1 1  . 0oooo0ouooooouou  
2 1  ~10000000000000O0+001 
3 1  *10000000000u0000+0uP 
. t 1  e G O O O U O O t i O O O O O O O O  
5 1  -.1000000000000l)00+001 ' 

7 1  -.488254594U867250+000 
0 1  -a108O2OO8635a9~52+001 

t.3 1 - a  4829514 1681 31 366-OO2 

I 3  
L 3  
a 3  
3 3 
5 3  
0 3  
'7 3 
b 3  

~ . ..- 

* u o o o 0 o o u o o o o o o o o  
*u000000~00000u0~ 
.0000000000000000 
00000000000000000 
. 0000000000000000  
.O000000000000000 
.1a000000000uu000+001 
. 00u0000000000000  

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
a 4  

0 000000000~0000000 - -  - - I __ 

00000000000000000 
00000000000000000 
e0000000000000000 
.oooooooooooooooo 
00000000000000000 
e6008000000000000+00P 
.0000000000Q00000 
~0000000000000000 

oO O O O O O O O O O O O O O O O  
00000000000000000 
00000000000000000 
.0000000000000000 
00000000000000000 
.oooooooooooooooo 
.0300000O00000000 
01000000000000000+001 

THE uEPENDENT VARIABLES AT TIME = e31546~0340397451,+001 

._ 

A 1  ,628YU25235808489-001 
r 1  .~065984615459050+000 
2 1  .15~f~85249200215+00I 
4 1  .2422309454b3U739+0OI 
L31 -.6799926099886249+000 
b 1  
'7 1 e697b232172234834+OO0 
c , 1  -e58796964251Y1652+OO0 

1 3  0612b651133969627+OG1 
r 3  e14229776161543O2+00 
3 -  3 .50~0ia44597ia74~+00 
+ 3  02133002943092935+001 
3 3  0~850514465236823+00I 
0 3  . 0 0 0 0 0 0 0 0 0 0 0 0 0 ~ 0 0  
7 3  -03047106528487672+001 
0 3  we20911875037609~0+OU1 

1 2  -01S22378532924491+001 
2 2  -eld59759&22469675+001 
3 2  .5999994284889531"001 
4 2  *r1938868204806252+001 
5 2  e3670345759321230+001 
6 2  e1000000000000000+001 
7 2  -e3598155401678205+OO~ 
a 2  e7106255401576260+001 

1 4  e2765968068571844+001 
2 4  01522782491203944+001 

4 4  ~1~30356379138410+001 
5 4  03152149329089573+000 
6 4  eoooo0oooooooo0oo 
7 4  ~o5~66574814594003+000 

-c3d56906853806662+001 8 4  

3 4  15 o 9 379sari.4 54 .s2+ oo i 

- _ _  

TIME AT COiWLETION O F  FORdARD IhTEGRATION IS 1001470 
ELAPSE2 T IME WAS 2 o 3390 

THE TERMIhAL CONSTRAIN 

TriE 1~c)FIbl O F  TtiE TERMINAL COkSTRAINTS .6760633508659172-00 

A-119 



THE A MATRIX 

~i 
i 1  
3 1  
4 1  

1 3  
L 3  
3 3  
+ 3  

1 1  
L 1  
3 1  
$ 1  

4 . 3  
c . 3  
3 3  
. t 3  

1 
3 

-01SLr3785329244~X~001 1 2  
-c~8s9759a224696?5+oo1 2 2  
05999994284d89531-001 3 2  
oioouooouoooooaoo+ooi 4 2  

,L76~960uGd571a44+001 1 4  
,1522782491203944+001 2 . 4  
~1509379884454352+001 3 4  
. ooou t iooooooooooo  4 4  

THE A * A  M A T R I X  

eb991t122708145193+O01 1 2  
-,1167137246004586+002 2 2  
-,695229739904523?+001 3 2  
e538b714739458759-001 4 2  

66126851133969627+001 
e142297?616154302+001 
e5040184459718744+001 
00d00000000000000 

-41372973751262878+000 

*6284025235808489°001 
e0000000000000000 

4854528a~15985267~oo1 

-01167137246004586+002 
*6698923323225061+002 
e2~72111303414698+002 

-04028?65737082296+000 

e5.586714739458759-001 
-a4328765737082296*000 
-e1547841860332113+000 
03103881589858251-001 

THL CURRECTLONS AT THE 4 I H  I T E R A T I O N  

~416Y9~571510485~-0D3 2 -*5544137570013910-002 
4 e1541133933505249+OOO - e 238 1% 129 14 16366-0 0 2 

A - 1 2 0  



. .. 

UEGINNING THE. 5 TH ITERATIOI .~  
IiME A ?  THE COMMENCEMENT O F  FORWARD ~ ~ T ~ ~ R ~ T ~ O ~  IS - fO.3560 

ELAPSED ?%ME WAS e2090 

THE - -  DEPEIJOENT VARIABLES AT TIME = 

1 1  . o o o o o o o o o o o o o o o o  
2 1  .1000000000000000+001 
3 1  e 1 0 O G O O O U O O O O O O O O + O O 1  
4 1  .00000000000O000fJ 
5 1  - ~ 1 0 0 0 0 0 0 0 0 0 0 0 0 0 o 0 + 0 0 1 ’  
e 1  -04415019196620901-OU2 
‘7 1 -.4937987320567389+000 
d f  -.1082~0280V801368+OOf 

1 3  
L 3  
3 3  
4 3  
5 3  
b 3  
7 3  
0 3  

e U O O G O O O O O O O O O O ~ O  
. oooooooooooooooo  
.0000000000000000 
* o o o o o o o o o o o o o o o o  
ooooouooooooooooo 
00000~00000000000 
.1000000000000000+001 
.u000000000000000 

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

eOOOOOOOOOOOOGOOO 
e0000000000000000 
.0~00000000000000 
eoooooooooooooooo 
m o o o o o O O o 6 o o 00 o o o 
.1ooooooooooooooo+oo1 
. oooooooooooooooo  
e0000000000000000 

.oooooooooooooooo 

.oooooooooooooooo 
~ O ~ O O O O O O O O O O O O O O  
.ouoooooooooooooo 
.oooooooooooooooo 
.0000000000000000 
.0000000000000000 
m100O000000000000+001 

THE UEPENDENT VARIABLES AT TIME = .3300793733747976~001 

i i - - . ~ 5 4 3 5 3 7 ~ 7 6 ~ a s a 7 4 - ~ 0 2  
i f  ,t?124370545538605+000 
5 1  01522414831387861+001 
f t 1  .2489156105214893+001 
5 1  -;72556?2257196072+000 
b 1  -e4413L~19196620901-002 
7 1  m770~253439118592+~0O 
c J 1  -e6863372913144886+000 

1 3  
2 3  
3 3  
4 3  
5 3  
b 3  
7 3 
6 3  

1 1 2  -e1391361569232885+001- 
2 2  ~ ~ 1 8 1 0 0 0 6 4 3 3 2 9 5 7 1 4 + 0 0 1  
3 2  b245813089?395349+000 
4 2  ae1943279055614225+001 
5 2  e413600I262217634+001 
6 2  e1000000000000000+001 
7 2  -e3d2281~SO9867Sl+OOl 
8 2  .7928616315944276+001 

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

e2390195774391711+001 
013157863404943’?6+001 
~ 1 2 0 5 8 3 0 3 6 2 ~ 4 ~ 1 1 0 + 0 0 1  
eP443059629132175+001 
r23173~8704500106+000 
00000000000000000 

~e6148470479626041+000 
-e3947065906590448+001 

TiME AT CORPLETION OF FORWARD INTEGRATION IS 12.7950 
ELAPSEO TIME WAS 2 0 4390 



?HE A MATRIX 

1 3  
L 3  
3 3  
L t 3  

A 1  
c ; l  
5 1  
4 1  

1 3  
2 3  
3 3  
4 3  

-.1391361~692328~5+001 1 2  o52947245&1476790+001 
-.181GOO64332957~4+OU1 2 2  a8260307928105425+000 
m245e130897395349+000 3 2  04834442566675688+001 
.1ooooouooooooooo+oo1 4 2  00000000000000000 

eL39~195774391711+001 1 .4  -a1369738866755262+000 
e 1315"7865404943~&+091 2 4  01219427048335951+000 
e 12858305627471 1 i3+ 0 0 1 3 4  a35435370f6885874w002 
s O U O O O O O U O O O O O O O O  4 4  ~0000000000000000 

THE A * A  MATRIX 

~627409914Q4180~5+001 1 2  -a7673628086944041+O01 
-~7673628~869440~~+001 2 2  a52102094889!59550+002 
-.~391134350221134+0u1 3 2  o1995858139441027+002 
-a29Lb583u5S602~19-0Ul 4 2  -a6073795491690776+000 

-,5391134350221134+001 1 4  -a2926583053602419w001 
.1995b58139441027+002 2 4  -o6U73795491690776+000 
.~i0~103&~39538~0+001 3 4  -a1623874722250897+000 

-,1h2.5874722258897+000 4 4  03365335508086855-001 

T t i t  CORRECTIONS AT THE 5 TH ITERATION 

e~5A2799879546237-002 2 -.ioo699623i75o2i4-o02 
e3YU97150759~7291-002 4 a10~889083252756l-OOl 

A - 1 2 2  



BEGINNING THE 6 TH XTERATIOh 
T IiVE A T  THE COMMENCEMENT OF FORWARD INTEGRATION 

- . .  &LAPSEL) TIME WAS 02100 - 

- _  THE - OEPENUENT - WARIABLES AT TIME = .oooooooooooooooo I - I -- - - - __ 

i 3  
i 3  
3 3  
4 3  
5 3  
0 3  
7 3  
a 3  

,00000000O00u0000 
01000000000000000+001 
01000000000000000+001 
oouoooooooooooooo 

-e1000000000000000+001 
-.3021931707466~11-004 
-.4948057282d84892+000 
- . 1 0 7 a ~ 7 5 ~ ~ 9 ~ 0 5 4 0 ~ + 0 0 1  

*uuo0uooooooooooo  
00000000000000000 
.oooouooooooo0oou  
* 0 U 0 U U O O U O 0 O O O O O Q  
~ O O O O O O O O O O O O O O O C  
00000000000000000  
*100000000000000#+001 
. o o o o u o o o o o o o o o o o  

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

00000000000000000 
00000000000000000 
00000000000000000 
.0000000000000000 
,0000000000000000 
01d00000000000000+001 
e0000000000000000 
00000000000000000 

0 0 0 0 0 0 0 0 0 0 00 0 a 0  0 0 
~0000000000000000 
00000000000000000 
00000000000000000 
00000000000000000 
0 O O O O O O O O O O O O O O O O  

m 1 O O G O O O O O 0 O O O O O O + O O ~  
Ooooooooooooooooo 

THE DEPEivUENT VARXAHLES AT TIME e33194&2642073252+001 

1 . 3  0527~7R4715397122+001 
c : 3  ,828~105287211714+000 
5 3  ,4830?85518752025+001 
4 3  .1493350177371745+001 
5 3  e30U3707193476435+001 
0 3  .0000000000000000 
9 3  -,30089482866995029001 
u 3  -,1534050720025332+001 

1 2  -m1394502866172-3~2+001 
2 2  -01064483536570655+001 
3 2 . 02797642048738974+000 
4 2  -e1981509606264765+001 
5 2  e4169192442?73725+001 

7 2  *e3860524782276137+001 
8 2  m7?73318897854506+001 

e ~ O O O O O O O O O O O O O O O + O O 1  . 6 2  

I 4  e2389616139440934+001 
2 4  01345030337553331+001 
3 4  e1272258642’?29933+001 
9 4  e1455784106726813+001 
5 4  02~J34101626281530+000 
6 4  eoooooooooooooooo 
7 4  -a5950162772538181+000 
B y .  -e3955084250825209+001 

TiiYlE AT COIWLETXON O F  FORWARD INTEGRATION I5 1504430 
ELAPSE0 TIME WAS 2 c 4380 

A -.1643661890425155-004 2 -06056652948429989-004 
.i 03~81041117436215-004 4 *e302193%707466411-004 

TriE ;J!JHM i)F I t l E  TERMINAL CONSTRAINTS .7993659927675546-004 

8 - 1 2 3  



THE A MATRIX 

t -  : 

i 1  
2 1  
3 1  
L t . 1  

A 3  
2 3  
J 3  
Lt 3 

1 1  
2 1  
5 1  
Y 1  

A 3  

d 3  
3 3  
r 3  

-,1394502t366172372+001 1 2  .52707a4715397122+00i 
-eiS64483S3657005S+Oo1 2 2  .8289io52a72ii7iu+ooo 

e 27971542 0 4d7389 7 4+ 0 0 0 
v 1 o o u u o o u o 0 0 o o o o o + o u 1  4 2  .oooooooooooooooo 

3 2  e48307S531S7520~5+OO~ 

.2389016139440934+001 1 4  we1393948583534474+000 
,1345J30337553331+001 2 4  e1238439172982659+000 
,i2?2~5a642729933+0~1 3 4  -e1643661890425153-O04 
e0000000000000000  4 4  eoooooooooooooooo 

THE A * A  M A T R I X  

.6~Y9LOSS93697581+UOl 1 2  -e7544133613072361+001 
-,7544133613072361+001 2 2  e5i80475322008156+002 
-mS4~4181U43401116+O01 3 2  *1~85607040463404+002 
-,3652301378107~93-001 4 2  -*6321441636249838+000 

-e54i34181i)4H481116+0U1 1 4  ~~3~52301378107893°00~1 
.i9a5007~40463404+00z 2 4  -*6321441636249838+000 
.~13601435255B944+001 3 4  -.1665472890193257+000 

-,1665472690193257+000 4 4  *3476824416303780-001 

T t i i  C ~ R R E C T X O I S  AT THE 6 TH ITERATION 

A - 1 2 4  



bsEGXNNING THE 7 TH ITERATIO1.I 
TIME UT T H t  COMMENCEMENT O F  FORWARD ENTEGRATION IS 15,6530 

iLAPSED T I M E  WAS 82100 

THE OEPEhDENT W A;? I A W E S  AT TI ME = 90000000000600000 . -  . - - - - _. - 

a 1  
2 1  
3 1  
L ) 1  

0 1  
7 1  
d 1  

5 1  

._ 

A 3-- 
c 3  
3 3 -  
4 3  
5 3  
b 3  
7 3  
d 3  

. oooooooooooooooo  

.1000000UO0000300+001 
01000000000000000+001 
.uooLluoouoooooooo 

-a10 0 0 0 0 0 00 0 0 0 0 0 0 0+0 0 1 
-.1268~71b01735065-009 
-o4948446~168893?H+OUO 
-~10785625610?7730+001 

.uoot iooouoooooooo 

.ooouooouooooo0oo  

.0000000u00000000 
9 0 E) 0 0 0 0 I) u 0 0 0 0 0 0 0 0 
00000000000000000 
. ouoooooooooooooo  
a l O O O O O O O O O O O O O O O + O 6 1  

0 0 0 0 0 0 0 u 0 0 0 0 0 0 0 0 

a 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

1 4  
2 4  
3 4  
4 4  
5 4  
6 4  
9 4  
8 4  

00000000000000000 
r O O O O O O O O O O O O O O O O  
00000000000000000 
0 O U O O O O O O O O O O O O O O  
00000000000000000 
01000000000000000+001 
.0000000000000000 
90000000000000000 

0 0 0 0 0 000 0 0 00 0 0 0 0-0 
~ O O O O O O O O O O O O O O O O  
.oooooooooooooooo 
.0000000000000000 
.0000000000000000 
Oouoooooooooooooo 
~ O O O O O O O O O O O Q O O O O  
.100u000000000000+001 

THE UEPENDENT VARIABLES AT TIME = .331948655293'+372,+001 

1 3  
i 3  
5 3  
4 3  
5 3  
0 3  
7 3  
a 3  

1 2  
2 2  
3 2  
4 2  
5 2  
6 2  
7 2  
8 2  

a 4  
2 4  
3 4  
4 4  
5 4  
6 4  
7 4  
8 4  

-.13946688~0f724~3+001 
-.1863972791396285+001 
.2795225540555539+000 

-e1981448756683368+001 
.4169083082093652+001 
.1000000000000000+001 

-03a6009973636f985+OO.I. 
07973314602733444+001 

e2390301516558150+001 
of344725334681354+001 
.i2729i59752323301001 
v1455844626959524+001 
e2039010833442484+000 
00000000000000000 

-e5954870203627850+000 
-o3954961637140963+001 

T l k t  AT COWLETION OF FORkARD INTEGRATION IS 18e0910 
ELAPSED TIME WAS 294380 

THE TERMINAL. CONSTRAINT VECTOR 

TiiE i u W N  OF THE TEHPlIIN4L CONSTRAINTS .IO31958938 

8-125 



. 1 
THE A M A T R I X  

1 1  
2 1  
3 1  
4 1  

A 3  
L 3  
3 3  
* 3  

1 1  
z 1  
- J 1  
4 1  

.2390;01516658153+001 1 4  -e1393236032160158+000 
e1344725334681354+OUl 2 4  a1230554324718680+000 
e X272915975232530+0U1 3 4  -m8080414465471319~007 
a 0 0 0 0 u 0 0 0 0 0 0 0 0 t) 0 0 4 4  . oooooooooooooooo  

THE A * A  M A T R I X  

.~497o20656500E60+UOl 1 . 2  -e7547223032165429+001 - .7  54722 3 U 32 16 51t29 t 0 0 1 2 2  e5184406502810%79+002 
-.54d4401a04392jb9+001 3 2  a1986932062532108+002 
-a36552H8780476607-001 4 2  -a6319922780770420+000 

T t i t  CORRECTiOFIS AT THE 7 TH ITERATION 

I a1268t i716U174095~~0~9  2 a8633038132783541-008 
3 m13987687S7996405-007 4 -*1454648348999221-007 

A - 1 2 6  



METHO~J OF PERTURBATION FUNCTIONS 

TUJO-POI:vT UOUNDARY VALUE PROBLEM 

I 

1 
3 

_ _  _ _  - 

I I * J 1 T I A L  VALUE O F  THE DEPENDENT VARIABLES 

.uooouooooooooooo  2 e1000000000000000+001 
01000000000U0000O+QO1 4 e O O O O O O O O O O O O O O O O  

-~1u00000000000000+001 . 6 eOO O O O O O O O O O O O O O O  
-o39587452?9999999+000 0 -e8628515199999999+000 

UESIREO VALUES OF THE TERMINAL VARIABLES 

o G O O O O O O O O O O O O O O O  2 08101292799999999+000 
015L367900000O000+001 4 eOOOOOOOO0OOOOOOO 

T i l t  I N I T I A L  TIME INTERVAL 
00000000000000000 / TO 03319486499999999+001 

THE 'INTEbKATION STEP SIZE I S  s3000000000000000~001 

7Ht M A X l l 4 U N  PJUMEER OF ITERATIONS ALLOWE3 I S  25 

TiiE A C C U R A C Y  RE.dUIHE3 FOR TERMINATION IS o1000000000000000~005 

T n t  NUMtjEH O F  I I E R A T I O N S  rniITH THE ADAMS-NOULTON CORRECTOR IS 2 

fVEXY 5TH POINT N I L L  SE PLOTTED FbR EACH 5TH ITERATION 

LVEKY OTrl POI5JT ?i.;lLL RE PRINTED ON EACH ITERATION 

PHIlJT CONTROL SWITCH = 0 

P U N C i i  CONTROL SWITCH = 0 

MINIMUM NORM CORRECTION PROCEDURE 

WAKIABLE ALPHA PROCEDURE 
ALPHA = .2oouoooo~oooooooo+oo1  P =  02d00000000000000+001 

4 SPECIAL INPUT CONSTANTS AND THEIR IDEhTIFICAPPONS 

A - 1 2 7  



1 TH ITERATSON 
ULSPLAYXNG F I t d ~ b  THE A N 0  THE LAST 3 DEPENDENT VARIABLES 

\ P  

VF = s3319486499999999+001 
1. 0 i luuoooo 000 0000 90 2 -s3958745279999999+000 
3 - ,b628515199999999+000 

TtiE ;&RM OF THE TEHMI?i,4L CONSTRAINTS ,5418663193314779+000 

2 TH IPERATIOiJ 
U ~ ~ P L H Y I ~ ~ G  FlNAL TIME AND THE LAST ' 3 DEPENDENT VARIABLES 

rF  .3135414365287502+001 
1. - 0  422121,1614654489-OOl 2 -o5010835678174694+000 
d -. Yd877472580 14515+0r30 

Tt-tt. i ~ i i H M  OF THE TERMIN4L CONSTRAINTS .2292810639409694+000 

3 TW xTERATIOA 
Ul5k'LA'fINCi F I N A L  T IYE AND THE LAST 3 DEPEI'JDENT VARIABLES 

TF = m3142364393447604+001 
A - , ~ 8 ~ 7 0 5 9 7 4 A 3 6 4 5 0 3 - 0 0 2  2 - rS1k50099183998519+~00 
3 -bi1170~24Y5028377+Oo1 

THE i4uKh O F  TrlE TERMINAL CONSTRAINTS . 1 4 8 7 4 6 8 6 2 4 9 3 9 9 0 8 + 0 ~ 0  

LC Til ITERATIOlli 
i t i5PLj4Y IN6 F PNAL TIME AND THE LAST 3 DEPEI'IDEldT VARIABLES 

5 TH ITERATION 
o,ISPL~.+Y I N G  FIiAAL T I 4 E  AND THE LAST 3 DEPENDENT VARIABLES 

TF = m3308793733747976+001 
1 - e 4 4 1 3 Ir 19 1 9662 U 9 .J 1-0 0 2 
3 -~lOY2582~#4881308+001 

2 - *4937987320567389+000 

ri lE iJ i )~ i~ l  OF THE TEHMIN,"L CONSTRAINTS .6242161021199833-002 

6 TH ITERATION 
I j lSPLhYI iJG FIIUAL TI:GE AND THE LAST 3 DEPUJDENT 'VARIABLES 

i t  IE i;~JliM OF 1 i i f  TEHMIN/\L CONSTRAINTS . 7 9 ? 5 6 5 ? 9 2 7 0 7 5 5 4 6 - 0 ~ 4  

7 Tt i  ITERRT;~o;J 
, , iLPLi,YINb FIIUIL T W E  ANO THE LAST 3 DEPEPJDENT VARIABLES 

A - 1 2 8  
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Appendix B 

BRACHISTOCHRONE 
EXAMPLE 



1 e FORMULATION 

The brachistochrone problem is stated as follows: 
Determine the control history e(t) such that a 
particle falling from x o 9  yo to xf9 yf under the 
influence of a constant gravitational force g will 
do so in a minimum time. 

The differential equations of motion are 

= J€= sin e 

where a is a constant yo - -  v: and v = ( 2 2  + ;2)l'2 

2g 

When the optimization process is applied, the control 
angle 8 is eliminated from the above equations and two 
additional equations are required to be satisfied 
(Euler-Lagrange equations). Hence, the nonlinear two- 
point boundary value 

The differential 

i 2  

problem may be summarized as: 

equations for F1 are 

B-1 



where t = 

x(to) = 0 

y(to) = 1.0 

The perturbation 

b * 
6 2 1  = 6x = - 

t = tf (unspecified) 

X(tf) = 5.0 

y(tf) = 8.0 

equations f o r  F 2  are 

B- ‘2 



B - 3  



The t e rmina l  c o n s t r a i n t s  f o r  F3  a r e  

hi  = x ( t f )  - 5 . 0  

The p a r t i a l  d e r i v a t i v e  o f  t h e  t e rmina l  c o n s t r a i n t s  
wi th  r e s p e c t  t o  t h e  dependent v a r i a b l e s  and t h e  t i m e  r a t e s  
of change of t h e  t e rmina l  c o n s t r a i n t s  f o r  F4 a r e  

D 1  D 2  D 3  D 4  !I t f  

1 0 0  [%I = [ 0 1 0  

where 

B - 4  



and 

B - 5  



2 .  MODIFICATIONS FOR CUR SYSTEM 
BJOR LEClSW S WILLIAMS LO9856 ED02 E131  9006 C 3 2 
'N HDG INPUT 10615. 
@ kSG P=10615 
9 XBT CUR 

TRW P 
I N  P 
TRI P 
TOC 

' T  FOR,* MAINtMAIN,MAIN/R 
- I r l  

v T  FOR?* ABAM9ABAMvABAM/R 
-2?2 

PARAMETER N=4rNQ=3 
' T  FOR,* CONVRGICONVRG~CONVRG/H 
-2v2 

PARAMETER N=4fNQ=3 
' T  FOR,* CRDPCHtCRDPCH,CRDPCH/H 
-2r2 

'T FOR,* FPLEW~FPLEWIFPLEW/H 
- 2 ~ 4  

PARAMETER N = ~ P N Q = ~ @ K O N = ~ P N S ~ = ?  

PARAMETER N=4 

PARAMETER N=Q,NQ=3rNS3=2r K O W 2  
DOUBLE PRECISION DEG 
DATA DE6/57029577951308232DO/ 

-61 P 6 2  
X ( l ) = D E P ( l r l )  

Y(2)=-DEP(2*1)  
' T  F O R I *  FPLOT,FPLOT,FPLOT/R 
-2t2 

PARAMETER N S S 2  
* T  FOR,* FPRNTrFPRNTvFPPNT/R 
-2v2 

' T  FOR,* FleFl,Fl/B 
- 2 t 3  

PARAMETER N=4t NQ=3 

PARAYETER N=4*KON=2 

DOUBLE PRECISION WOED~WOGDVGF~~PAIPDSQRT 
EQUIVALENCE ( C O N ( l ) r ~ M ) r ( C O N ( 2 ) , A f )  

"'5F6 

- 9 ~ 1 9  
WOED=DSQRT(2.DO*GM*(TY(2)~AI)) 

WOGD=DSQRT(TY(3)**2+TY(4)**2)  
P ( l ) = - T Y  (3)*WOED/WOGD 
P(2)=-TY(4)*WOED/WOGD 
P ( 3 ) = 0 . 0 0  
P ( 4 ) =  GM*WOGD/WOED 

@ T  FOR#* F ~ P F ~ F F ~ / B  
- 2 ? 2  

-5q7 

-27 P 59 

R-6 



A(lt3)=-R4*WOED/P2 
A ( 1 ~ 4 ) =  S(4,J)*S(3eJ)*WOED/R2 
A ( 2 r 2 ) =  -S(4,J)*GM/(WOED*WOGn) 
A(2,3)= S ( ~ P J ) * S ( ~ ~ J ) * W O E D / R ~  
A ( 2 ~ 4 ) =  -R3*WOED/R2 
A ( 4 r 2 ) =  -GM*GM*WOGD/R 
A(4 r3 )=  S(3rJ)*GM/(WOGD*WOED) 
A ( 4 r 4 ) =  S(4rJ)*G~/(WOGD*WOED) 

' T  FOR** F 3 r F 3 r F 3 / B  
- 2 r 2  

- 1 5 ~ 1 8  
PARAMETER N=4rNQ=3@ KON=2 

f i ( l ) = D E P ( I , 1 ) - X F ( 1 )  
H(2)=DEP(2,1) -XF(2)  
t i ( 3 ) = 0 . D 0  
00 20 I=lrNQl 
H ( 3 ) ~ H ( 3 ) + Y P R ( X r I ? R r l ~ * D F P ( ~ ~ ~ ~ + I r ~ )  

20  CONTINIJE 
t i ( 3 ) = 1 e D O  +H(3 )  

'T FOR** F4,FrCrF4/B 
- 2 r 2  

-23 r 26 
PARAMETER N=4rNQ=3r KON=2 

R ( l ~ l ) = l e D O  
! 3 ( 2 ~ 2 ) = 1 * D O  

8 ( 3 ~ 2 ) = - Y P R ( 4 r I 2 R ~ l )  
f 3 ( 3 ~ 3 ) =  Y P R ( l r I 2 B r l )  
U ( 3 ~ 4 ) =  Y P R ( 2 r I 2 B r l )  

A ( ~ ~ N Q ) = Y P R ( ~ P I ~ B ~ ~ )  
A ( 2 r N B ) = Y P R ( 2 e I 2 H r l I  

-30 r 33 

A(3tNQ)=O*DO 
'T FORI* FSrF5rF5 /B  
- 2 t 2  

'T FOR,* F 6 r F 6 r F 6 / B  
- 2 r 2  

'T FORI* F 7 r F 7 r F 7 / 8  
- 2 r 2  

'7' F O R * *  INTEGPTNTEG~INTEG/B 
- 2 r 2  

' T  FORI* INTRK5rINTRK5tXNTRK5/H 
-2?2 

PARAMETER N=4 P NQ=3 
' T  FORI* ITERr ITERr ITER/R 
-2t2 

PARAMETER N=4r NQ=3 
' T  FORI* MLTPLYeMLTPLY,YLTPLY/R 
-2v2  

9 XQT CUR 

9 XDT MAIN/R 

PARAMETER NS3=2 

PARAMETER N=4rNQ=3rKPN=2 

PARAMETER N=4rNQ=3 

PARAMETER N=4 

PARAMETER NQ=3 

TOC 
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X-DISPLACEMENT 
Y -D I S PL A C €ME N f 

0 0 0  i .O 
-*0357353733314653 -01726379971977703 

5.0 8 .0  
0.0 
0.0 eh076633560035577 
0 o 006 0.0000000001 

2 50 1 1 2no  1 1 0 0 
GRAVITATIONAL CONSTANT 32.1741 
I N I T I A L  CONSTANT 0.5 
9 LOF 
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1 
.i 

YLTHOD t>F PEKTURBATION FUNCTIONS 

TWO-POl;JT BOUNDARY VALUE PRObLEM 

1P.ilTIXL VALUE OF THE DEPEPJDENT VARIABLES 

0 0 0 0 II 0 0 0 0 0 0 0 0 0 0 0 2 . 1 o o o o o o o u o o o o o o o + o o 1  
-.3573537333146529-001 4 -.1726379971977703+000 

i3ESIHED VALUE5 O F  THE TERMINAL VAKrABLES 

i ~5000000000000UO0+001 2 .8000000000000000+001 
3 eU00UG00000Oij00UO 

THE I N I T I A L  TIME INTERVAL 
FSdfh ~ U O O O O O O U O O O O O O O G  1 TO .6076633560035576+000 

THE liJTEGRATXOY STEP SIZE I S  ,5999999399999999-002 

THt  NAXTMUM W M k X R  OF ITERAfXONS ALLUWEd IS 50 

T i i t  ACCURACY REOUIREL) FOR TERMXNATIQN I S  .1000000000000000-009 

TIIS NUi%.jER OF ITEHATIONS &I TH THE ADAMS-MOULTON CORRECTOR IS 2 

E V h i Y  1Th POINT MILL BE PLOTTED FOR EACh 1Th iTERATION 

EVEhY tUOTH POINT WILL F3E PRINTED ON EACH ITERATION 

PH1r;T CONTROL SWITCH = P 

PUNCH CONTROL SWITCH = 0 

NORiJlAl- CORRECTION PROCEWRE 

2 SPECIAL INPUT cO~\;STANTS AND THEIR IDEi’JTIFICATIONS 

GRAG LT A T I O I V A L  CdrJSTAIJT 
1rJl.i IAL COiJSTANf 

B- 9 



THtr XPtf iUEIVT V U R I A H L E S  AT TIFIE = aoooooooooooooooo 

I 1  ~ U O O G ~ O O O O O O O O O O U  1 2  a 0 0 0 0 0 00 0 0 000000 0 
L 1  ao0oooouooooooooo 
d l  -.357353733314~529-001 3 2  .1u00000o00000000+001 
% 1 -a~726379971977703+000 4 2  a0000000000000000 

* 10 0 0 0 0 0 0 0 0 0 0 (3 3 0 o+ 0 u 1 2 2  

1 3  .oooooooooooooooo 
2 3  a o o o o o o o o o o o o o o o o  
3 3  aoooooooooooooooo  
4 3  .1000000000000000+001 

THE. OEPEhDENT VAHIAHLES AT TIME = 607663356OOJ5576+000' 

i I  .4994399999999774+001 1 2  -a 9~64133566788512+002 
L i  ,b0o0000000000303+001 2 2  a1148759769856110+003 
.5 1 -.3573537333146529-001 3 2  a1000000000000000+001 
% 1  -.~~19650908506O~1-OUl 4 2  -.620088a295657205+000 

i 3  a1877417351888520+002 

3 3  a o o o o o o o o o o o o o o o o  
+ 3  a2918527621568634+OUO 

r 3  -.2379~~7288617i23+002 

T i M t  AI CUQtPLETION OF F O R W A ~ G  INTEGRATION 15 a 9530 
ELAPSE3 TIME VAS a8720 

THE TEffMIhAL CONSTRAINT VECTOR 

i'nE ;qdtt!4 O F  THE TERMIXAL CONSTRAINTS .3832308257134548-012 

Tt-lt C O R R t C T I G l u S  AT THE 1 TH ITERATION 

c 
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NOTES 
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NOTES (Concluded) 
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